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PREFACE 


The second volume of a freshman text in mathematics must 
continue and extend certain topics begun in the first volume and 
it should not omit any additional topics which are to be used 
later in the study of the calculus. These two objectives have 
been always before the author in the preparation of the pages 
that follow. 

The first chapter, The Number System of Elementary Mathe¬ 
matics, logically belongs at the beginning of the first volume, but, 
in the experience of many teachers, there is an advantage in 
postponing the discussion until the students have attained a 
more mature mathematical outlook. 

The theory of poles and polars as here presented, though brief, 
contains the notions which are fundamental. When a more 
complete theory is given, many instructors feel obliged to omit 
it for lack of time. 

The sections on determinants are adequate as preparation for 
solid analytical geometry, for a more advanced course in the 
theory of equations, and for projective transformations in space 
of two, three, or n dimensions. Their introduction here, how¬ 
ever, has an immediate justification not only in the customary 
applications to the solution of linear non-homogeneous equations, 
but also in the apt applications to analytical geometry which 
make a strong appeal to the student’s imagination (see pages 
62 to 56). 

To a casual observer the treatment of translation of axes may 
appear inadequate, but, as a matter of fact, beginning with the 
first chapter of Volume I, the process of translation has been 
applied to every type of equation and function to which it is 
properly applicable; hence there remains only to make in Chapter 
IX a precise statement of the technical terms associated with 
this process. 

In the treatment of partial fractions the customary division 
into Cases I, II, III, and IV has been departed from; also, the 
problems selected are reasonably simple as to the algebra involved 
in their solution* Attention has been given to the frequently 
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neglected case (needed for integration) of the rational fraction 
whose denominator is a power of a single linear or irreducible 
quadratic expression. 

Familiarity with the notions of parameter and pencil is acquired 
by continual and persistent observation of the effect on a curve 
that is obtained by varying one or more constants in each equation. 

Volumes I and II afford complete preparation for the formal 
course in calculus usually given in the sophomore year. 

The author wishes again to express her indebtedness to Pro¬ 
fessors G. A. Bliss and H. E. Slaught for their counsel and to 
Professor Lincoln La Paz and Mr. Nelson Dunford for reading 
and criticizing much of the manuscript. 

Mayme Irwin Logsdon. 

Thb UmvnRsiTY of Chic ago, 

December, 1932 
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ELEMENTARY 
MATHEMATICAL ANALYSIS 

CHAPTER I 

THE NUMBER SYSTEM OF ELEMENTARY 
MATHEMATICS 

Some of the most fascinating chapters in the history of ele¬ 
mentary mathematics are those which trace the origin and growth 
of number concepts. The oldest mathematical document extant 
is an Egyptian papyrus called the Rhind papyrus,*^ now in the 
British Museum. It was written by Ahmes some time before 
1700 B.c. and was founded on an earlier work which probably 
dated back as far as 3400 b.c. The clumsy notations used by 
Ahmes and by all other primitive peoples before the introduction 
of the present-day Arabic notation by the Hindus in the eighth 
century prevented the making of rapid progress in mathematical 
manipulation. It is not surprising that centuries elapsed with 
little growth of mathematical notions, f 

In this chapter is given a very brief sketch of the principal 
steps in the growth of the number system of elementary mathe¬ 
matics. For a more complete discussion the student is referred 
to standard texts on the history of mathematics. 

1, The real number system. In the iSrst stages of the develop¬ 
ment of the science of mathematics as well as in the mathematical 
development of the individual, the only kind of number known 
(and needed) is the set of positive integers. For a subtrahend 
which is less than the minuend and for a divisor which is a factor 
of the dividend the result of performing one or more of the ele¬ 
mentary operations of arithmetic, m., addition, subtraction, 

* A facsimile of this papyrus with translation and commentary was pub¬ 
lished in 1929 by the Mathematical Association of America and is for sale 
by the Open Court Co., Chicago. 

t See ^*The Evolution of Numbers,” a play by Prof. H. E. Slaught, which 
appeared in the McUhenmtics Teacher^ VoL XXI, October, 1928. 

1 
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multiplication^ and division, on numbers of the set will give a 
number of the set; e.g.f 7 + 5 =» 12, 10 — 3 » 7, 6 X 6 «= 30, 
44 4- 11 * 4. 

There comes a time, however, when negative integers and 
zero are introduced into the set so that the subtrahend may not 
be restricted and when rational fractions are introduced into the 
set (a rational fraction is the quotient of two integers) so that the 
divisor may not be restricted; 14 — 25 =* —11, 15 -4 2 « 

7H, 5 *4 20 « 34* 

At this stage the number system consists of the following ele¬ 
ments and operations: 


Number System —(A) 


Elements (real) 

Operations 

Rational numbers 

Integers 

Positive 

Negative 

Zero 

Rational fractions 

Positive 

Negative 

Addition 

Subtraction 

{ Multiplication 

Division 


Divirion by zero is not penniUed, With this restriction the four 
operations on elements of the system give elements of the system. 

SL Irrational numbers. The next extension of the number 
system is motivated by the study of powers and roots of numbers. 
These are computed by operations called, respectively, involution 
and evolution. The resiilt of raising any number of the system 
(A) to a power p, where p is a positive integer, is again a number of 
(A). The same cannot be said of the result of extracting the 
pth root of any number of (A). For example, 2 is a square root 
of 4 and 2 is a cube root of 8 but there is no number in (A) which 
when squared gives 2,* or 3, or 5. However, an approximate 
value of, say, \/2 can be found, i.e,, a rational number whose square 

* pTocf that no rational number the sgutire root of 2. Assume that there 
is a rational number which is the square root of 2 and denote it by p/q where 
p and q have no common factor. Then p*/^* » 2 and p* » 2qK Now p 
must be an even number, since there is a factor 2 on the right. Consequently 
q must be an odd number. Denote p by 2«. Then (2s)* « 2q\ and 
2s*. The last equality cannot hold since g is an odd number; hence the 
first assumption is untenable. 
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differs frtm 2 hyaa UUle as we please. Indeed two such approxi* 
mations can be obtained such that the square of the one is less 
than 2 while the square of the other is greater than 2. They are 
approximations to the roots of the pure quadratic equation 

x* - 2 « 0. 

The following equalities may be verified: 

(1.4)® * 1.96, (1,5)* « 2.25, 

(1.41)* « 1.9881, (1.42)* « 2.0164, 

(1.414)* « 1,999393, (1.415)* * 2.002225, 

(1.4142)* « 1.99996164; (1.4143)* « 2.00024449. 

The square of 1.4142 (and of —1.4142) differs from 2 by 
0.00003836, the square of 1.4143 differs from 2 by 0.000244449. 
We say that we have found approximations to the square root of 
2 which are correct to the fourth and to the third decimal places, 
respectively. Another way of expressing the fact that these 
numbers are approximations to the square root of 2 is 

1.4142 < \/2 < 1.4143, 

though the latter statement does not indicate which of the two 
approximations is the better. 

When a closer approximation is desired it can be obtained. In 
fact 

1.4142135 <V2< 1.4142136 

and the square of 1.4142135 differs from 2 by less than 
0.0000002. (A decimal fraction is a rational number; e.g., 
1.4142 «= 

Again, the equation + x + 2 ^ 0 has no 

rational root, nor is there any number expressible by radicals 
which is a solution of it. However, an approximation to a root 
is —1.215 and it can be verified that when —1.215 is substituted 
for X in the equation under discussion the left member differs from 
zero by less than 0.001. When a closer approximation is desired 
it can be obtained by Homer^s method which is explained in the 
next chapter. (See Sec. 15.) 

Beal numbers which are not rational are called irrational num¬ 
bers. In particular, an irrational number which is the root of a 
rational integral equation with rational coefficients is an irra¬ 
tional algebraic number. The value of an irralional number may 
be approximated in decimals to any desired degree of accuracy. 
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Ator# h There is no number in (A) which approximates a square root 
of -2; there is no rational number which is approximately a soluiaon 
of the equation a;* + 2 » 0» though an approximatbn to a solution of 
** -f 2 «*■ 0 is easily found. 

Afofe 2. The number r whose approximate value is 3.14159265 is not an 
irrational algebraic number. It is shown in higher mathematics that x 
cannot be the root of a rational integral equation with rational ooefiicients. 
It is called a transcendental (irrational) number. 

We agree to use as our number system all irrational numbers 
and all rational numbers, t.e., the set of all real numbers. This 
extended number system and the operations which again give 
numbers of the system are exhibited in the following table: 


Real Number System—(B) 


Elements 

Operations 

Rational numbers 

Irrational numbers 

Addition 

Subtraction 

Multiphcation 

Division 

Involution 

Evolution 


Division by zero is excluded and the operation of evolution is 
considerably restricted. For example, an 
indicated even root of a negative number does 
not belong to the set, 

Oeometrical construction of line segments 
C whose lengths are expressed by indicated 
sqtuire roots. While irrational numbers can 
be only approximated algebraically, it is 
sometimes a very simple matter to construct 
line segments whose lengths are correctly 
represented by irrational numbers. For 
B example, in Fig. 1 let the length AB be one 
unit. Construct BC = AB and perpendic¬ 
ular to AB; construct DC = AB and perpendicular to AC, and 
construct DE « AB, Then 

AC « \/2, 

AD « 

AE « \/3 — 1. 
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3. The oomidex number system. The restrictionB on the 
operation of m>l%dum in the number system (B) lead to the next 
extension^ in fact the extension which motivated this chapter. 
We include in the new number system, denoted by (C), indicated 
roots which can not be approximated by rational numbers^ 

etc. We also, by means of the definitions of 
fractional exponents and of negative exponents,* remove the 
restriction that p, the index of the root, shall be a positive integer. 
The new number is called a complex or imaginary number to 
distinguish it from real numbers. The new number system is 
called the complex number system. It includes, as a part, 
system (A) and also system (B). 


Complex Number System—(C) 


Elements 

Operations 

Real purnbers 

Rational numbers 
Irrational numbers 
Imagmary numbers 

Addition 

Subtraction 

Multiplication 

Division 

Involution 

Evolution 


Apart from the restriction that division by zero is not per¬ 
mitted, the result of performing a finite number of the opera¬ 
tions of the complex number system on numbers of the system 
is a complex number. 

The number system in (C) is now adequate for the mathematics 
of everyday life, for the mathematics of statistics, navigation, 
astronomy, life insurance, accounting, banking, the calculus and 
its applications, and many phases of engineering. There have 
come times, however, in the development of the science of mathe¬ 
matics and of its applications, when it has been desirable to 
introduce other kinds of elements into the number system. The 
result has been the development of profound and scholarly 
mathematical doctrine as well as many important applications, 
as, for example, the applications in physics and chemistry which 
have given to us the radio, television, etc. 

4. Arithmetical operations on complex numbers. A complex 
number may be written as the sum of a real part and an imaginary 

* Logsdon, '‘Elementary Mathematical Analysis," Vol. I, Chap. V. 
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part, aa 6 +• V^, 3 - * + V^» where 6 is a poative 

Dumbar. In writing complex numbers it is convenient to use a 
symbol i to represent the indicated posUim square root of —1, 
viz.. 

This symbol has the property that** “ — l,t* = —i,i* = 4-1, 

»« t, « — 1, *« —i, etc. 

The square root of any negative number may be represented as 
the product of a real number and ij called an imaginary unit. 
(The real units are ±1.) _ 

Thus \/—4 »» *“ —5 — \/-"l\/5 =« i\/5,etc. 

The complex numbers 4 + -\/^> ^ —2 — \/—3 are 

written 4 + 5 — i\/7> —2 — t\/3, respectively; in fact, any 

complex number may be written in the form 

a + hi 

where a and b are real (though not necessanly rational), a is the 
real part and In is the imaginary part. The complex numbers 
a + bi and a — bi are called conjugate complex numbers. The 
real numbers a and b are called components of the complex num¬ 
ber a -h in while the components of the conjugate complex num¬ 
ber are a and —6. 

A pure imaginary number is one for which the first component 
is zero, e,g,, 7i, — 3t, i\/5. When the second component, the 
coefficient of t, is zero, the number is a real number, e.g.j 4, —10, 
Thus the set of all complex numbers is seen to include 
all real numbers as a part, as was stated above. 

Definition. Two complex numbers wiU be considered equal tf, 
and only t/, the reed parts are equal and the imaginary parts are 
equal. Thus a -f in =* c + d^ implies the two separate equations 

a ^ c, 
b^d. 

Cor. The complex number a -f in is equal to the (complex) 
number zero if, and only if, a » 0 and 5 = 0. 

We wish to perform on complex numbers the operations of (C). 
The following may be taken as definitions: 

I. Addition. The sum of a+ bi and c + di is (a + c) + 
(5 + d)i. 

n. Subtraction. The residt of subtracting c + di from a + 5t 
is (a — c) + (5 — d)i. This is equal to the sum of o -h in and 
—c di. 
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nL Moltiplicatloii. The product of o -|- by c + di is 
(ac — bd) + {ad + bc)i. It is obtained by ordinary algebraic 
multiplication. When i’ occurs it is replaced by —1. 

c + dt 
ac ■i'bci 
-f adi — hd 
oc -f + Qd)i — hd 

Cor. The product of a + hi by its conjugate a — bi is the real 
number a* + ¥. 

IV, Division. The quotient of a + bi by c + di can be 
expressed as a complex number in the following manner: 

a + hi a bt c -- di 
c 4- c -{‘ di c — dt 

(oc -h M) + {he — ad)i 
c* 4- dfa 

ac -^hd j he — ad 
“ c* 4-"^ r* 4- (i* 

V. Extraction of roots. In this paragraph we shall discuss an 
algebraic method of finding the square roots of a complex number. 
In Section 7, after a geometrical representation of complex num¬ 
bers has been agreed upon, the problem of extracting roots of 
order 2 or more can be solved geometrically in a simpler manner 
than is possible with an algebraic solution. 

It is desired to find the complex number, x + yi^ x and y real 
numbers, such that 

(x + yt)^ = a + bi. 

Now (x + yiy =* -f 2xyi. This can, by the definition 

on page 6, be equal to the given number a + bi if, and only if, 
the two real numbers x and y satisfy the two simultaneous quad¬ 
ratic equations, 

x® — 

2xy « b. 

There will always be real solutions of this system of equations, 
though the solutions are not necessarily rational. 

Illustrativib Exampuc. Find the square root of 5 -h 12i 

Solution* We seek real solutions of the two equations 

X* ~ a 5, 
xy * 6. 
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When y 6/* is substituted m the first equation and the resulting equa- 
iion cleared of fractione, we have 

~ 6a:* - 36 * 0, 

(x* — 9)(x* -f 4) =« 0. 

The only real solutions are x ** 3 and x = — 3. The corresponding values 
of y are y * 2 and y ^ —2. Hence^ the two square roots of 6 Hr I2i are 
a; -f- yt « 8 -f 2f and —3 — 2i, 

Exercise i 

1. Find the sum of 3 — 6^ and —4 -j- 7t; of 4 4- ^ and 4 — t; of 2t and 
7 4“ 8t;of2 + 4tand —2 — 4i;ofc 4-diandc — di;ofc 4- diand —c — di. 

2 . Find the prfiduct of 3 4- 2i and —1 — 2t; of 2i and 7t; of 8 — 3t and 
2 4* 6f; of X 4- in and —x — yi; of c 4- di and c — dt; of x 4- yi and i. 

S. Express as complex numbers the following quotients: 

3 — i 7 — 5^ 2 4- 3t\ 7 . o 4* x + j/f . 3 — ^ 

2 4-1* t ' 7 4- 2 - 5^' o - -X - 1 4* ^ ‘ 

4. Find the square roots of the following: 

3 - 4t; 3 4- 4t; 8 4- 16i; ~35 ~ 12i; 3 ~ 2i; 4 4 5i. 

5. Construct a line segment whose length is \/58; \/l0; y/1. 

6. The Argand diagram. Geometrical representation of 

complex numbers. Before discussing a method of adding, multi¬ 
plying, etc., two complex numbers geometrically, let us recall 
methods learned in elementary geometry of performing geometri¬ 
cally the operations of arithmetic on real numbers. Let the 
real numbers a and b be represented by line segments whose 
lengths are a units and b units. We can then construct with 
ruler and compasses the line segments which represent the real 
numbers a + 6, u — <i/b, a^, \/^. These constructions 

are shown in Fig. 2, 



Flo. 2.—Operations on real numbers performed geometrically. 


A very useful method of linking the arithmetic of complex 
numbers, which was explained in the last section, with geometrical 
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Botions and coBstructions is to associate the compkx number 
X + yi with the point P(x, y) in the (it, y) plane m which a rectaa* 
gular system of coordinates has been established. This sets up 
a one-to-one correspondence between the system of all complex 
numbers and the points of the plane. Moreover, all numbers 
X + yi for which y ^ 0 will correspond to points on the it-axis, 
which will be called the axis of reals, and all numbers x + yi for 
which X = 0 will correspond to 
points on the y-axis, called the axis 
of pure imaginaries. The drawing 
in Fig. 3 shows the points which 
are associated with certain complex 
numbers according to this agree¬ 
ment. It will be noted that two 
numbers which are conjugate are 
associated with points which are 
symmetric with respect to the JT- 
axis, and that the distance OP from 
the origin to the point P which is 



r 




(20 

.(-2+1) 

•Jp(flf+yi) 

^ 6 


.(-3-20 

(-3i) 


3.—Complex numbers 
associated points. 


and 


associated with the com plex number 
X + yi is This real 

positive number is called the modulus, or absolute value,* of 
the complex number x + yi. It is sometimes written \x -h y^ 
and 18 frequently designated by the Greek letter p (rho). The 
line segment itself drawn from 0 to the point P is called the 
radius vector of the jxiint. 

Note, Two conjugate complex numbers have equal moduli; t.e., 

^ + yi\ ^\x - yt\ « \/x^ 1/*. 

We can associate with a complex number x + yi an angle 
6 through which (positive) OX must turn in order that it may 
coincide with OP. The value of the angle $ 
Pix*yi) is not unique. For example, in Fig. 4, the 
value of 6 may be taken as 30®, —330®, 
390®, in fact 30® + n.360® where n is any 
-y integer. For each of these values of ^ we 
have 

4 ,—X -f ^ y 



Fio. 


p(co8 0 -f ^ sin 0 ), 


tan 6 


hence we can choose any convenient one of the above values and 
* Logsdon, "Elementary Mathematical Analysis/* Vol. I, p. 24. 



10 MLEMMNTARY MATHEMATICAL ANALYSIS [Chap* I 


caU it Uie amiilltiide or argument of the eomplex number x + 
for eicEmple, denoting amplitude by the 83 anbol ‘"aw” we write 
«»m(l + i) * 45®, am(-3) « 180®, ami-^i) « —90®. 

For any complex number x -h Vh Fig* 4 shows that the follow-- 
ing relations exist between the pair of numbers (x, y) and the 
pair (p, e). 

X = geos 0, (1) 

= 9 sin 6. 

p = Vx^ + y^> (2) 

e = arc tan-• 

X 

When a number is given in the form x + yiy equations (2) 
enable us to compute p and 6 and we write 

X + |/» = p(cos e + 2 sin e). (3) 

Similarly, when a complex number is given in the form 
p(cos 6 -j- i sin 6), called the trigonometric form and also the polar 
form of the complex number, equations (1) enable us to compute 
the X and y components so that we can write the number in its 
Cartesian form, x + yi* 

For brevity, we often speak of the complex number P when we 
mean the point P associated with the complex number; also, we 
say the point 3 + 2i, the point 1 — 5t, etc., when we mean the 
point which is associated with 3 + 2/, with 1 ~ hi, etc. 

Illustkative Example 1. Write the trigonometric form of the complex 
number 2 -f 2i\/S, 

Solution. From equations (2), wc get p = \/x^ -f * \/2* + 2* • 3 * 
4; from equations (1), we get cos 6 =» x/p «= sin $ y/p « 2\/3/4 

•* H\/3* Hence, $ «• 60° and we write 

2 4- 2i VS * -^(eos 60° -f i sin 60°). 

IllustIiative Example 2, Write the tngonometric form of the complex 
number — 3i. 

Solution. From (2), p « \/0* + (-3)* = 3; from (1), cos 0=0, 
sin 0 <= -*3/3 = “1; hence 0 = —90° or 270°, and we write 

—Si » 3(cos 270® -f isin 270°) or 8[cos (—90°) + i sin (—90°)]. 

Illusthative Example 3, Write the Cartesian form of the complex 
number whose trigonometric form is 6 (cos 226° 4 -1 sin 226°). 

Solution. We have given p * 6, 0 = 226°. From (1), x = 6 cos 226° 
«■ —3\/2, ^ = 6 sin 226° = —3v^- Hence 

6(cos 226° + i sin 226°) = -3V5 - 3tV2. 
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EXERCISE n 

1, Plot the points in the Argand plane which are associated with the 
following complex numbers: 

2 + 5t, Z-i, -1+42, -1 - 4t, -3, 22, 7-32, 4 

2. Find the moduli of the numbers m 1. 

8 . Find the sines and cosines of the amphtudes of the numbers m 1. 

4. Plot the points which are associated with the conjugates of the numbers 
in 1. 

8 . Express m trigonometric form: 

l+t, 2 + 2t, 3,-3, 3t, -3i. 

6. Write m Cartesian form the complex numbers: 

(a) 2(co8 30° + 2 sm 30°); (6) H(cos 210° + i sin 210°); 

(c) 5(co8 90° + 2 sin 90°); (d) 3(cos 160° + i sin 150°); 

(e) 2(co8 180° + 2 sin 180°); (/) 4(cos 360° + i sm 360°). 

7. Plot the points associated with the complex numbers in Problem 6. 

6. The operatioiis on complex numbers performed geometri¬ 
cally. I. Addition. To find the point which is associated with 
the complex number 

X + yi ^ {a + bi) + (c + di), 

we complete the parallelogram which 
has for sides the two radii vectores 
OA and OC. (Fig. 5.) The abscissa 
of P in the figure is a + c and its 
ordinate is h + d. Hence from the 
definition of the sum of two complex 
numbers, P is 
the desired 
point. The 
student should 

tion is correct for complex numbers when 
their associated points are not both in 
the first quadrant. 

n. Subtraction. To subtract c + di 
from a + bi geometrically, we first locate 
the point C' which is associated with the 
number — c — di, then we construct the 
sum ot a + bt and — c — di, (See Fig. 6.) 

Mrfe. The points C{c + di) and C'(—c — di) are symmetric with 
respect to the origin. 


Y 



Flo. 0,—Subtraction of 
complex numbers 


Y 



Fiq. 6 —Addition of complex 
numbers. 


verify that the construe- 
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EXERCISE m 

L Add geometne&lly and &nthmetw&Uy: 

(a) —2 4* and 1 — 4t; 

0) 2(co8 30*^ + t sin 30°) and 5(co8 150° -f i sin 160°); 
(e) 6 — 2i and —6 + Bi; 

(d) (cob 90° -}“ t sin 90°) and (cos 270° 4- 1 sin 270°); 

(a) 2 — t and 2 -f i; 

(/) 8(cos 180° -h t sin 180°) and 7{co8 360° + i sin 360°). 
2. Subtract, as indicated, geometrically and arithmetically: 

(а) (-2 4-3i) - (6 -f t); 

(б) 4(cos 136° -f % sin 136°) - 3(cos 45° + i sin 46°); 

(c) (7 -- i) - (4); 

(d) 2(cos 240° 4 -1 sin 240°) — 4(cos 120° 4- i sin 120°). 


III. Multiplication. When two complex numbers are to be 
multiplied geometrically it is convenient to put them into trigono¬ 
metric form before performing the multiplication. The theorem 
for multiplication is stated thus: The modulus of the product of 
two complex numbers is the product of their moduli; the amplitude of 
the product is the sum of their amplitudes. 

Proof. Let the two given complex numbers be pi(co8 6i i sin Bi) and 
pa(cos Bi 4- i sin Bi). Their product will be 

pipstcos Bi + i sm 0i)(cos 02 + 1 sin 02). 

To express this as a complex number, write (cos Bi + i sin 0i)(cos 02 4* i sin 02 ) 
«s cos 01 cos 02 — sin Bi sin 02 4- t(8in 0i cos 02 4- cos 0i sin Bi) = 
cos (01 4- 0«) 4" ^ sin (0i 4- Bi). Hence the required product, m., 

pipalcos (01 4- 02 ) 4- ^ sin (0i 4- 02 )), 

is a complex number in trigonometric form whose modulus is pip 2 and whose 
amplitude is 0i 4- Bt. q e.d. 

Cot, 1 . The amplitude is unchanged when a given complex 
number is multiplied by a real number. 

Cor. % The modulus is unchanged when a given complex 
number is multiplied by a number whose modulus is unity. 

There are many complex numbers with unit modulus. They 
are the numbers which are associated with the points on the circle 
whose equation is x* + 1, viz,, the unit circle. Each of 

these numbers is called a complex unit and is expressible in trigo¬ 
nometric form by cos a + t sin a where 0 g a < 360®. 
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/l(rt+60 


i4'(-6+at) 


Cor. 3. Multiplication by t rotates the radius vector through 
+90\ (Fig. 7.) 

Cor. 4. The modulus of the square y 

of p(coB ^ f sin 6) is p®; the amplitude 
is 2$. 

IV. Division. The theorem for divi¬ 
sion is stated thus: The modulus of the 
quoiierd of two complex numbers is the 
modulus of the dividend divided by the 
modulus of the divisor; the amplitude of the 
quotient is the amplitude of the dividend 
minus the amplitude of the divisor. 

Proof. The quotient of pifcos di -f t sin ffi) by pa (cos ^a 4- i sin Bt) is 

^‘ (cQS Si +1 sin ^i) pi(oo8 Bi i sin gi)(co8 Bj — i sin g| ) 

P 2 (cos 62+1 sin 0a) pf(cos 0a + f sin 0a) (cos B% — i sin 08) 

_ Ph. 



Fig. 7.—The product of a 
complex number by i. 


P2 


[cos (01 — 08) -f i sin (0x — 08)]. 


qx.d. 


Illtistrative Example. Construct geometrically the point P which is 
associated with x + yi ^ (-H + t){l + 3i). Compute the values of x 
and ?/. 

Construction. In Fig. 8 the points A and B are associated with 1 -f 

and — respectively. The point P 

must satisfy two conditions; t>w., the angle 
XOP = angle XOA + angle XOB and length 
OP = length OA • length OB. The length OP 
may be constructed as in Fig. 2, Sec. 5, and 
the angle may also be constructed with ruler 
and compasses. 

Solution. Am (1 + 3i) « arc tan 3 *• 
71''67, am (— + i) “= arc tan (—2) * 

116®.55; hence am (x -f yi) 71^67 4- 
116°.66 * 188M2. Also |1 4- 3i| «* VlO, 
| —H 4” f| =» Ma/ 5, therefore \z 4- yi\ « 
VlO * H\/5 “ !^\/2- 
In Cartesian form x 4- 



Fiu. 8.—The product of two 
complex numbers. 


EXERCISE IV 

1. Restate corollaries 1, 2, 3, and 4 under multiplication so that they 
will apply to division. 

2. Construct geometrically the points associated with the products 
indicated: 


{a) (3 + 6f)f; 

(c) (2 ~ i)(-l 4- i); 
(e) (2 4- 3t)(2 - 3i); 


(b) (3 4-6f)(~l); 

(d) (2t)(i); 

Cf) (-1 -t)(-l 4-i). 



14 SLBMENTABY MATHEMATICAL ANALYSIS [Chap. I 


S. Put the products in Problem 2 into trigonometric and into Cartesian 
form. 

4* Coxuiiruct geometrically the points associated with the quotients 
indicated: 


(a) 


2-hi , 
• » 


(d) 


-3 ^ 
2-ht* 


(b) 

ie) 


6 - 3i. 
3+62^ 

7 -f 32 


(c) 

(/) 


32 

1 - 2 ' 
4-32 
1 + 2 % 


6. Express the quotients in Problem 4 in trigonometric and in Cartesian 
form. 


7. De Moivre’s theorem. The law for multiplication of 
complex numbers gives 

(cos a + ^ sin a)* = cos 2a + t sin 2a. 

If each member of this equation is multiplied by cos a + i sin a, 
the result is 

(cos a + i sin a)* — cos 3a + t sin 3a. 

It can be proved that the eciuation 

(cos a + I sin «)" = cos no + i sin na, 

is true for any real value of n. This theorem is a special form 
of De Moivre’s* theorem. It will not be proved here. 

The complex number cos a + z sm a is associated with a point 
on the unit circle for every value of a and any complex number 
which is associated with a given point on the unit circle will have 
the same form. The points associated with cos 2a + i sin 2a, 
cos na + i sin na, etc., are also on the unit circle. Hence from 
De Moivre^s theorem we conclude that the square, the cube, the 
fourth power, etc., of any complex number whose modulus is 
unity is itself a number whose modulus is unity and consequently 
lies on the unit circle. The same is true of square roots, cube 
roots, fourth roots, etc., of the complex units. 

We shall now see how the above theorem of De Moivre enables 
us to find the two square roots, the three cube roots, . . . the 
n nth roots of a number whose modulus is unity. 

* The theorem is due to Abraham De Moivre (1667-1764) who was bom 
in France but lived in England after the age of seventeen. A proof of the 
theorem is given in Palmer and Leigh, ** Plane and Spherical Trigonometry,” 
pp. I72ff.t McGraw-Hill Book Company, Inc, New York. The student 
will be able to prove it after he has studied Chap. XIII in this book. See 
Problem 3, Exercise LV. 
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Ilmjstbativb Example 1. Find the two square roots of cos 8 + t sin 8. 
SoLtmoN. We seek all values of $ which satisfy the equation 


i.c., 


(cos d + t sin ey » cos 0 -f t sin 0; 
cos 2$ -f i sin 2d « cos 0 -f t sin 0. 


In view of the definition of equality (page 6) the last relation subsists 
if, and only if, 


sin 26 = sin 0, cos 26 « cos 0. 


Hence, 2^ « 0 -f 2kx where k is any integer, positive, negative, or zero. 
Let k 0 and 1 and call and Oi the corresponding values of the angle; 
then 6 q *= >^0 and Bi = 3^0 -h *■. The two angles $o and 6 i when in stand¬ 
ard position have distinct terminal sides. Let k take an integral value not 
0 or 1. The corresponding value of $ will have its terminal side coincident 
w'ith that of do a k is an even number and with if A; is an odd number. 
Hence there are only two square roots of cos 0 
"f i sin 0 and their amplitudes may be written 
■^0 and 3^0 ^ 

To construct the two square roots of cos 0 + 
t sin 0, draw the unit circle (Fig. 9) and locate 
the point A whose amplitude is 0, Constnict 
60 =» thus locating the point P©. The point 
Pi is diametrally opposite the point P©. 

The points P© and Pi are associated with the 
complex numbers which are square roots of cos 0 
-f i sin 0. 

Illustrative Example 2. Determine the 
cube roots of the number associated with a 
given point A (Fig 10) on the unit circle. 

Solution. We determine 6 to satisfy (cos ^ -f* f sin 6 ) 
a= cos O + i sin 0, where © «» amplitude of A, 



Fig. 9.—The two square 
roots of a complex 
number. 

' cos 3^ + i sin 3^ 
Proceeding as before, we 



find 


whence, 




0, 


2, 


S© » g0, 

» 00 4* 

0 * 01 4 


2ir 

3’ 

2ir 


The student will note that after Fq is 
found, the point Pi is located by adding 
one-third of the circle to the arc MPo and the point P2 is found 
by adding one-third of the circle to the arc MPJPi. The three 
cube roots of a given number divide the drcU on which they lie 
into three equal parts. 


Fio. 10.—The three 
cube roots of a complex 
number. 
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The value of 0 is obtained from a table of tangents or it is 
given; the angle « 3^6 is drawn with a protractor. 

More generally, to find the n nth roots of a given complex 
number on the unit circle we must solve for $ the equation 

(cos 0 t sin sy ~ cos nd + i sin n0 = cos 0 + ^ sin 0. 


From this we get 

TiS = 0 -1- 21:ir, 

whence. 

. e , 2fee 


« = - H- 

n n 


As before, one nth root has its amplitude equal to 0/n. Let it 
be denoted by Bo, then Bi == Bo + 6^ == Bi + • • • > Bn^i == 

27r 

^n ~2 + To the angle Bq a central angle subtended by an nth 

part of the circle, im.^ 27r/n, has been added n times, determining 
n points equally spaced on the circle, ^ e , determining n values of 

each of which is the amplitude of a 
complex number, an nth root of the 
given complex unit. 

Illustrative Example 3. Find the five 
fifth roots of — 1; i c , find the solutions of the 
binomial equation a:^ -f I *= 0 
Solution The amplitude of —1 is 180°, 
hence =“ ]80°/5 = 36° One-fifth of the circle 

^ ^ , 18 72"*; hence the amplitudes of the five fifth roots 

Fiq. 11 ~ The hvo fifth . \ 

roots of -1 ot -I are 36 , 108 , 

180°, 262°, 324°. The 
roots themselves have the form 

cos 36° 4 -1 sm 36°, 
cos 108° + I sin 108°, 
cos 180° 4* t sm 180° = -1, 
cos 262° + % sm 262°, 
cos 324° + t sm 324°. 

If the results are desired in Cartesian form, a 
table of sines and cosines must be used. Only one 
of the fifth roots of — 1 is real. 

Illustrative Example 4. Find the three cube roots of unity; t.e., find 
the solutions of the binomial equation — 1 « 0. 

Solution. The amphtude of 1 is 0°. The cube roots of 1 are 
cos 0° -f -1 sm 0° = 1, 




Fig 12 —^The three 
cube roots of unity. 
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cos 120 ^* 4 - i sin 120 ‘» * “5 + 
cos 240° 4* t sin 240° ** — g -* 2 ^^* 

De Moivre’s theorem. General statement. This theorem 
may be stated for an arbitrary complex number as follows: Let 
p(cos & + i sin B) be any complex number; then[p(cos 0 + ^‘ sin 6)]^ 
= p”(co8 nS + i sin nd). To apply this to the computation 
of roots of complex numbers not on the unit circle, we need only 
note that if the modulus of the given number is R, themodulus of each 
of the nth roots is equal to the real nth root of R, Hence every nth 
root will lie on a circle whose radius is amplitudes are 

determined as before. 

Illustrative Example 5. Find the four fourth roots of — 16i. 

Solution. We seek values of p and 9 which will satisfy the equality 
p^(cos 4:9 ‘j -1 sin 49) ^ 16(cos 270° -f i sin 270°); i.e.y p* « 16, and 49 = 

270° -f k • 360°. Therefore p = 2 and e = 270°/4 + k • 90°. The four 

fourth roots of —lOi lie on a circle with radius 2; the amplitude of one of 
the roots is 673^°; the four roots divide the circle into four equal parts. In 
trigonometric form they are 

2 (cos 67^° + i sin 67 V 2 ^*»), 2(cos 1673^° + i sin 1671^°), 

2(cos 247H° 4- i sin 247>^°), 2(co8 337H^ 4- i sin 337J^°). 

EXERCISE V 

1. Find the roots of the following binomial equations : 

(a) a;* - 1 - 0; (6) x* - 8 « 0; 

(c) x’ + 8 = 0; id) x5 - 32 * 0; 

(c) x^ 4* ^ = 0; Cf) X* « 3 + 2i. 

2. Plot the points associated with the solutions in Problem 1. 

8. Properties of the complex number system. Let a, 6, c 

be symbols used to represent given complex numbers. The 
operations of the complex number system obey the following laws: 

1. Addition is commutative; i.e., a + h h + a, 

2. Addition is associative; i.e,, (a 4“ b) + c = a 4- (6 4- e). 

3. Multiplication is commutative; t.c., ah =* ha, 

4. Multiplication is associative; i,e,^ {ah)c = a{hc), 

5. Multiplication is distributive with respect to addition; f.c., 
c(a 4- 6) = ca 4“ ch. 

Underling all that is contained in this chapter is the funda¬ 
mental notion that the result of performing the operation of 
addition or the operation of multiplication is unique; i,e., there 
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is only one number which is the sum of a finite number of the 
elements of the system and there is only one number which is 
the product of a finite number of the elements of the system. 
Furthermore, with the single exception that zero may not be 
used as a divisor, the operations of the system may be applied as 
many times as is desired to any elements of the system whatso¬ 
ever and the result is an element of the system. 


SUMMARY 

The complex number system. 

Elements. 

Real numbers. 

Rational numbers. 

Positive and negative integers. 

Zero. 

Positive and negative rational fractions. 
Irrational numbers. 

Complex numbers. 

Operations. 

Properties. 

The complex number. 

Cartesian form. 

Components. 

Trigonometric form. 

Modulus. 

Amplitude, 

Radius vector. 

Conjugate complex numbers. 

Constructions. 

Sum. 

Difference. 

Product. 

Quotient. 

Roots. 

De Moivre’s theorem. 



CHAPTER II 

SOLUTION OF EQUATIONS 


In studying the graphs and the properties of rational integral 
functions of x and of rational functions of x, it was found desirable 
to be able to determine the zeros of the functions and the zeros 
of their derivatives. In this chapter we set ourselves two tasks, 
viz.y to find the rational solutions of a rational integral equation 
in one variable, and to obtain approximations to alt irrational roots. 
It is sometimes not difficult and is sometimes quite difficult to 
determine the imaginary roots, though there is a simple process 
for discovering how many of the roots of a given equation are 
imaginary. 

9. Solution by formula. Let a rational integral function of 
X of degree n be denoted by/(r), 

fix) = Oox^ + aix”-! + + * • • + Cn-ix + a„, (1) 

where n is a positive integer, and where the coefficients Oo, oi, 
02 , . . . , On are real numbers with Oo not zero. 

The term oqX^ is the term of highest degree. It is called the 
leading term and its coefficient oo is called the leading coefficient. 
We seek the roots of the equation 

fix) = 0. (2) 

If n = 1 the polynomial can have at most two terms. It is 
called a linear function of x and may be written Oox + Oi. 

If n = 2, the polynomial becomes the quadratic function 
oox^ + aix + 02 , and so on for n> 2, 

A linear equation OqX + Oi = 0 has one root (solution) given 
by the formula 

_/o^ 


A quadratic equation Oox^ + aix + 02 = 0 has two roots given 
by the quadratic formula* as follows: 


-ai + Voi* — 4aoOa 
2ao ’ 


— Oi — Voi* — 40001 


^Logsdon, Elementary Mathematical Analysis,” VoL I, p. 172. 
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Equations (3) and ( 4 ) are formulas which contain the coeffi¬ 
cients of the linear and quadratic functions, respectively. By 
their use the solution of any linear equation and the two solutions 
of any quadratic equation may be written down by merely 
substituting for the a’s and performing only fundamental opera¬ 
tions on the numbers of the complex number system, viz,, addition, 
subtraction, multiplication, division, raising to a power, extract¬ 
ing a root. (Chap. I.) 

Formulas have also been found by the use of which the three^ 
solutions of the general cubic equation + a\X^ + a^x + 03 = 0 
and the four solutions of oqX^ + a^x^ + a2X^ + a^x + 04 = 0, 
the general quartic equation, may be written out by substituting 
the coefficients and performing the aforementioned operations 
of arithmetic. These formulas are not given here but may be 
found in many textbooks on college algebra.* 

Quite naturally, after the formulas for the cubic and quartic 
equations were discovered, mathematicians studied the quintic 
and equations of higher degree in the hope that they might find 
other such formulas containing the coefficients which could 
be used for determining their roots. After many years it was 
proved in 1824 by the brilliant Norwegian mathematician Abel 
that no such formula can be found; in other words, Abel showed 
that it is impossible to solve the general n-ic (n > 4 ) by a formula 
involving only the fundamental operations of arithmetic. There 
are, however, methods by means of which ail of the real roots of 
any given polynomial equation may be found (approximately). 
One of these, Homer^s method, is explained in Sec. 15 . It was 
invented about 1819 by an Englishman, W. G. Homer, 

10. Relations of roots and coefficients. Though the roots of a 
general equation of degree n > 4 are not expressible in radicals, 
there are certain simple and interesting relations between the 
roots and the coefficients of an equation of degree n ^ 1. 

Consider, for example, the quadratic equation Oox^ + aix + 
Us « 0 whose roots are indicated notationally by xi and xg. By 
the factor theoreraf the left member of the equation may be 
written Oo(x — xi)(x — X2) which when expanded becomes Oox^ — 
ao(xj + X2)x + 00X1X2. Since the last expression is identical 
with OoX^ + Oix + 02, the following equalities hold: 

♦ See, for example, Hart, College Algebra,” pp. 237 1926. 

t Logsdon, ”Elementary Mathematical Analysis,” VoL I, p. 116. 
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XiXt » 


~«1 
a© ^ 
as 
a©* 


(5) 


Thus the sum of the two roots and their product may be written 
down without first ascertaining the values of the roots themselves. 


Illustrative Example 1 The sura of the two roots of the equation 
6x* + 7x — 3 ~ 0 18 — ; their product is ~ 

Illustrative Example 2 The sum and product of the two roots of a 
quadratic equation are and — K, respectively. Write down the 

equation. 

Solution The equation may be written x* 4- «0 or 

+ 14a: ~ 3 = 0 


Similarly if the roots of a cubic equation are denoted by Xi, X 2 j 
and xs, the equation may be written aox^ + a\x^ + a^x + as « 0 
and also ao{x — xi)(x — X2)ix — xs) = 0. The latter equation 
when the terms are arranged m descending powers of x is 

QqX^ ao(:ri + Xz + Xi)x^ + OaixjXz + XiX-i + X2X!i)x - 

a^XiXzXz ~ 0 . 


A comparison of the original equation with the last equation 
gives the following equalities: 


Xi X2 + Xz = 
XiX2 + XiXz -f XaXs == 
XiXjXs = 


-ai 

a© ’ 

a© 
—» 
a© 

-as 

a© * 


( 6 ) 


Let the Greek letter X be used to indicate that there is a sum 
to be taken. The first two of equations (6) may then be written 
more compactly as follows: 


3 3 



* ■" 1 -1 
»<J 


In the first equation the legend i — 1 below X and 3 above X 
indicates that the i in x, is to take the values 1, 2, and 3 in turn, 
after which the terms (here Xi, xz, and Xs) are to be added. In 
the second equation t and j may take values 1, 2, and 3 in as 
many ways as is possible while satisfying the inequality i < j. 
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After all terms XiXj which meet these two requirements have been 
written out they are to be summed. This notation, called the 
sigma notation, is extensively used in mathematics. For example, 
the sum of all of the even numbers beginning with 12 and ending 

32 

with 64 is indicated by ]^2fc. 


By the fundamental theorem of algebra (see Sec. 11), the 
general equation of degree n has exactly n roots (not necessarily 
distinct). Let them be denoted by xi, X 2 , . . . , Xn correspond¬ 
ing, respectively, to the factors (x — xi), {x — 0*2), - . . ,{x -- Xn) 
of f{x), A comparison of the two ways of writing/(:c) gives the 
following relations: 

ft ft 



XiXjXk 


I i.*-l 

1<J<k 


Os 

—I 

Oo 


(7) 



ij-t 

i<; 


XtXa • • • x„ = 

Oo 


The sum of the roots of f{x) » 0, as well as the sums of all of the 
products taken two at a hmcy three at a timSf . . . y n at a time are 
functions of the coefficients of the potoers of x in the given equation. 

With the above information at hand it is easy to write down 
an equation whose roots are given in advance. 


Illustrative Example 1. Write a quartic equation whose roots are 
-2, 1,3 


Solution From equations (7) we get 

4 

= -2 - m-1 +3 = 
4 




V-1 

%<J 


(-2)(-H)-i-(-2) l+(~2) 3 + (-M)-l-f 


XiZiXk 


t<3<k 


(-H)-3+l-3 = -6, 

(-2)(-M) • 1 4-{-2)(-J^) • 3 + (-2) • 1 • 3 + 
(-H) l-3 - -H, 


xixixix. «■ 3. 


Hence the coeffieients are proportional to 1, —6, 3^, and 3. Hie 

required equation may be written 2®* — 3** — 12®* + 7* + 6 =0. The 
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student should check this result by synthetic division and should note that 
any other equation with - 2 , 1 , and 3 as roots will be a multiple of 

this equation; i.c., the equation 2kx^ - 3 Ax* — i2kx^ + 7kx + « 0 has 

the given roots for any value of k. 

Illustkative Example 2 . Write a cubic equation whose roots are 

1 , 2 , ~ 3 . 

Solution, The sum of the roots is zero; the sum in pairs is -7; the 
product is —6. Hence the coefficients are proportional to 1, 0, —7, 6, 
and we may write the required cubic in the form x* — 7x + 6 » 0 . 

Note. If an equation has a rational fraction as o roof, the leading coefficient 
cannot be unity when the remaining coefficients are integers. 


EXERCISE VI 


1. Find an equation whose roots are 1 i\/2 and 1 ~ i\/2. 

2. Is there a rational integral equation whose roots are 1 + i^/2 and 
2 - iv/2? 

3. Write equations whose roots arc the following: 


(«) 4, 4, -3; 

( 6 ) ’, 3 . - 2 , 6 ; 

(c) 2, 0, 5; 

(d) 0 , 0 ,'^, 

(e) 3, 0, -5; 

(/) 3 - 2i, 3 + 2i, 

(ff) 1, -1, g! 

1 1 


1 i 1 — i 
“2 " ' ' 

-1 - t VS 
2 


4. Derive equations ( 6 ) from equations (4). 

6. The sum of the roots of a cuImc equation is — 2 , the product is 12, and 
the difference between the smallest root and the largest root is 7. Find 
the roots and write the equation. 

6 . Three roots of a quartic equation are equal; the sum of the four roots 
is 8 , and their product is —27. Find the roots and write the equation. 

7. Write the equation whose roots are 2 -f* t and 2 — 

8 . Write the equation whose roots are i times the roots of the equation 
in Problem 7. 

11* The fundamental theorem of algebra. Equation (3) shows 
that a linear equation in one variable has one and only one root. 
Equation (4) shows that a quadratic equation has exactly two 
roots. These roots are equal when the discriminant of the equa¬ 
tion is zero. 

More generally, in an equation/(x) = 0 of degree n, if (x — xi) 
occurs only once as a factor of /(x), the number xi is called a 
simple root of the equation; if /(x) contains (x — xi) as a factor 
more than once, Xi is called a multiple root of the equation. A 
multiple root is a double root, a triple root, a quadruple root, etc., 
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when fix) contains the corresponding linear factor exactly two, 
three, four, etc., times, respectively. For example, 2 is a triple 
root of — 6x^ + 12a:^ — 8:r == 0, while — 2x^ + 1 — 0 
has +1 as a double root and —1 as a double root. 

Geometrically, if f(x) = 0 has Xi as a multiple real root, the 
tangent to the graph of y = /(x) is horizontal at x === Xi; i.e,, the 
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derivative f^{x) vanishes at X\. There are two possibilities as 
shown by the ligures The proof follows. 

Let be a root of fix) = 0 with multiplicity A; > 1, and let 
f{x) be written 

f{x) = (t - x^YF{x), 

where F{x) does not vanish for x — xi» The derivative of J(x) 
may be computed by the rule for the derivative of a product. It 
is 

fix) = (r - x^)^F{x) + k{x - x,)^-^F{x) 

= (i- - x,)^-^[{x ~ x^)F'{x) + kF{x)]. 

This equation shows that j* = is a root of f'{x) with multi¬ 
plicity exactly A; — 1, hence at x = xi the function y = f(x) 
has a maximum point or a minimum point if k is an even number, 
and a point of inflexion with a horizontal tangent if k is an odd 
number. 

The fundamental theorem of algebra asserts that a rational 
integral equation of degree n has exactly n roots when each k^fold 
root is counted k times. The proof is made in two steps: 

a. Every rational integral equation in a single variable haa at 
least one root, 

b. If the degree of a rational integral equation in a single variable 
is n, the equation has exactly n roots. 

In this book no attempt will be made to prove the first statement 
because the proof involves mathematical knowledge which cannot 
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be included in an elementary text.* The second statement is 
proved on the assumption that the first is true. 

Proof of h. Let the root of f(x) = 0 which is guaranteed by statement a 
be denoted by Xiy and wnte 

fix) * ao(x - Xi)Fi{x) 

Now the degree of the polynomial Fi(x) is n ~ 1 and its leading coefficient 
IS umty. If nis greater than 1, by statement a the equation Fi {x) - 0 has a 
root which will be denoted by X 2 Then F^ix) * (j; - X2)F*(a:) where 
^2(0:) IS a polynomial of degree n — 2 in x with unity for its leading coefficient 
Substituting this value of Fiix) in the former equation, we get 

fix) a^^ix - xi)ix - xDFiix) 

If n is greater than 2, F^ix) — 0 has a root x^ by statement a and (x — x«) 
IS a factor of F2(x) Consequently 

fix) = aoix ~ xi)ix - X 2 )ix - Xi)Fiix), 

where the degree of Fsix) is n — 3 This process can be continued for 
exactly n steps and no more because after n steps the degre(‘ of F„ix) is 
n — n « 0; i e , Fnix) — a constant This constant is unity since the 
leading coefficient of each of Fi(x), Fiix)^ is unity Thus, hicause W( 
assumed the exisUnce of at least one root of fix) = 0 we were able to write 
fix) as the product of n linear factors, vu , 

fix) = ao(x — xi)ix — Xi) ix - x„), (8) 

so that/(x) = 0 has n (not necessarily distinct) roots, one root corresponding 
to each linear factor 

No value of x, say, x = X, where X is diffenmi from Xi, X2, . . . , x,, can 
be a root of fix) == 0, for if so we should have 

fiX) - aoiX ~ Xi)iX - X2) iX ~ x„) «= 0 

which is impossible since no factor, X — Xt, is zero Neither could one 
of the numbers xi, X2, . • , Xn be a root of greater multiplicity than is shown 

m (8), for if so there would be at least one more factor (x — x*) to be annexed 
to the right member of (8) This is impossible since the product of more 
than n linear factors (x — x.) is a rational integral function of degree more 
than n and hence could not be equal to fix) This completes the proof. 

Nothing has been said about the numbersa;i,a; 2 , . . . which 
are the n roots of f(x) == 0 except that they are not necessarily 
all distinct. Some or all of them may be integers, as 2, 5, 0, etc., 
they may be rational fractions, 6tc., they may be 

irrational algebraic numbers, as \/3,1 + 1- 478 . . . , etc., 

or they may be complex numbers, as 1 + 2z and 1 — 2i which are 
the (conjugate) roots of — 2a; + 5 *= 0. The problem of 

’*^See Dickson, First Course in the Theory of Equations,” p 155. 
The first proof of the fundamental theorem of algebra was made by Gauss, 
a German mathematician, in 1799 
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obtsixung the complex roots of /(x) « 0 when there is no formula 
for the roots (i.e., for n > 4) is more difficult than the problem 
of finding the real roots. There is, however, a theorem concern¬ 
ing complex (imaginary) roots which is frequently very useful. 
It will be proved now. 

Theorem. There is always an even number of imaginary roots 
of the rational integral equation f(x) = 0. 

Proof. If f{x) « 0 has no imaginary root, the theorem is true since zero 
is an even number. If there is one imaginary root, r -f- we shall prove 
that r — si is also a root. Let r -f si be a root, then we have 

f(r -f si) « ao(r + st)" + ai(r -f si)«*i -f • • • + a« = 0. 

Let every binomial (r + si)* be expanded (by multiplication) and let 
i*, i*, et<;., be replaced by ~1, 1, etc. There will be terms containing i and 
terms not containing i. Denote by jR + Si the complex number obtained 
when like terms have been combined. Then 

f(r -f* 8%) ^ R Si 0, 

from which it follows from the definition of equality on page 6 that /? = 0 
and 5*0. 

We wish to prove /(r — si) = 0, where 

/(r — si) ** ao(r — si)^ + ai(r — s^)’‘“l + ' • + On. 

Now r — si is obtained from r + si by replacing i by —i; consequently wo 
may obtain /(r — si) by expanding the right member of the last equation or 
by replacing i by —i in the expansion of /(r -f ,si). Such a replacement will 
not affect terms in i*, i*, • • • , since (—ip == i*, { — i)* — i*, etc., nor will it 
affect terms which contain no p^iwer of i. When all of these terms, mz.^ con¬ 
stants, t* terms, i* terms, etc., are added the sum will be R as Vjefore. When 
i is replaced by — i in a term containing an odd power of i, the sign of the 
term is changed, since (—t)* == --i^ (—ty == etc. The sum of these 
terms will then be —S%. Thus/(r si) = but since it was shown 

above that J? =* 0 and 5 « 0, wo have /(r — si) = 0. q.e.d. 

Cor. 1. The imaginary roots of fix) » 0 may he grouped in conjugate 
imaginary pairs. 

Cor. 2. Corresponding to a pair of conjugate complex roots of f{x) * 0 
wUl be a quadratic factor of f(x) with real coeffictents. for, the numbers r -f si 
and r — si are roots of the quadratic equation x® — 2rx *+• r® + s* == 0. 
Such a quadratic expression is called irreducible since it can not be factored 
into linear factors with real coefficients. 

12. Rational roots. There are direct and comparatively 
simple processes for finding all of the rational roots of f{x) = 0, 
After a rational root, say, x *= X\, has been found, computation 
of other roots is simplified if the linear factor (x — Xi) is factored 
out. This is done by synthetic division. We may write 

f[x) » (x - Xi)fi(x). 


(9) 
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The simplification is due to the fact that all of the roots of 
Fi(x) ~ 0 are roots of f{x) = 0, since any value of x for which 
Fi(x) vanishes will by equation (9) makefix) vanish also. More¬ 
over, since Fi(x) = 0 has n — 1 roots, these with Xi constitute 
the n roots of f{x). Obviously it will be simpler to continue the 
work with an equation of degree n — 1 than with an equation 
of degree n. The equation Fi(x) = 0 is called the depressed 
equation. 

As fast as we discover rational roots we shall depress the last 
equation used. When we have found ail of the rational roots and 
have removed the corresponding linear factors, the depressed 
equation is now an equation which has complex roots or irrational 
roots or both. The next step is to find approximately the irra¬ 
tional roots, if any, using the last depressed equation. Thus the 
tedious process of Horner’s method is applied with the minimum 
amount of labor. 

The three theorems which furnish the means of discovering the 
rational roots of f{x) = 0 where the coefficients of /(/) are integers 
are as follows: 

Theorem I. An integer r which ts a root of f{x) =0 is a factor 
of the constant term an. 

Theorem II. If the leading coefficient of fix) is unity when the 
remaining coefficients are integersy any rational root of f(x) =0 
must necessarily be an integer. 

Theorem HI. If when the leading coefficient of f{x) is unity the 
remaining coefficients are not all integerSy a new equation F(x) « 0 
can he found which satisfies the conditions of Theorem II and whose 
roots are proportional to the roots of fix) == 0. 

In what follows, it is assumed that the coefficients a©, Oi, . . , Un are not 

fractions. If so, the equation can be multiplied by the least common 
multiple of all the denommators without disturbing the roots. 

Proof of Theorem I. Let the integer r which is assumed to be a 
root oif{x) = 0 be substituted for x in the equation. The equa¬ 
tion is satisfied for x — r; i.e., 

-f + • • • + On-ir = -o„. 

The left member of this equality is divisible by r; hence the right 
member is also divisible by r. q.e.d. 

Illustrative Example. Find the integral roots of 
2 x‘ + - 4x* - 4x - 3 = 0. 
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Solution. By Theorem I if there are intf*gral roots they arc factors of 3. 
Hence it is only necessary to try -fl, —h Computation 

(by synthetic division) gives 

/(I) «~4, 2H-5-4-4-~3 |-3 

/( — I) « —6, ~ 6 - f 3 -f 3 -f 3 

/(3) « 246, 2 ^1 ~^ir~l 

/(-~3) = 0 

Hence there is only one integral root; it is a; = —3. The synthetic division 
gives 2x< + — 4x* — 4x — 3 =* (x -h 3)(2x® ~ x* — x — 1) The de¬ 

pressed equation is 2 x® x* — x — 1 = 0 ; it has no integral roots since the 
only possible integral roots are -fl and —1 and these were shown not to be 
roots of /(x) « 0 ; hence they cannot be roots of any equation found by set¬ 
ting a factor of /(x ) equal to zero 

EXERCISE VII 

Find the integral roots, if any, of the following equations: 

(a) X* - x3 - 2x* - 9x - 9 = 0 

(b) x^ -f- 7x» 4- 17x2 4- 26x 4 - 24 •= 0 

(c) x2 - x* - 14x 4- 8 « 0 

(d) 3a4 - 2x2 - 49x2 ~ 76x - 20 - 0 

(e) x® 4 - 6 x 2 - 16x ~ 80 - 0 
(/) -f 4x2 4- 7x2 + 6 x = 0 
(^) x2 4- 3x2 ~ fix - 4 = 0 
(/i) x* 4- 6x2 -f X + 6 - 0 

Proof of Theorem II, We avssume that the equation/(x) = 0 
has a rational fraction in its lowest terms, say r/s, as a root and 
prove that s must be unity; this proves that there cannot be a 
rational solution which is not an integer if the leading coefficient 
of fix) is unity when the remaining coefficients are integers. 

Suppose s is not unity and substitute r/s for x, afterwards 
multiplying the two members by This gives 

r” 

-1- air”“^ 4~ a2r"~h 4- • + an-irs^~^ 4“ a„rs^~^ = 0. 

$ 

Now if s is not unity the first term is not an integer, hence it is 
impossible to get zero by adding r”/s to the integers 
a 2 r**~^s, , . . But the sum must be zero because r/s is a root. 
Hence r^/s is an integer, and « = 1. g.e.d. 

These two theorems enable us to find all of the rational roots 
of fix) = 0 if the leading coefficient is unity and each coefficient 
is a whole number, but if the leading coefficient is not unity when 
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th6 remaining coefficients are whole numbers, we have from the 
theorems, no method for finding rational, non-integral roots. 
Theorem III furnishes exactly what is needed to enable us to 
dctcnrhiuo dll of the rationcil Tools of ctny given rotiotuil iutegtoX 
equation with rational coefficients. The procedure will be illus¬ 
trated by an example. 

Illustrative Example. Find the rational roots of 

/(x) - 16 x 3 ^ 443.J -I- 4a; _ 15 « 0. 

Solution. By trial it is found that no factor of 16 satisfies the equation; 
hence there is no integral root.* 

I^t the given equation be divided by 16 to make the leading coefficient 
unity. There is a possibility that there may be fractional roots. We get 

x3 + i'ix3 + - ^^16 = 0. (10) 

In ( 10 ) we put X = x'/k, after which we multiply each term of the new 
equation by k^. This gives 

x'* -f 4- = 0. (11) 

The symbol k is the, as yet unknown, factor of 'jyroportionahty mentioned 
in the theorem. We may choose for k any value wliirh will make the 
coefficients of (11) all integers. The roots of ( 11 ) which are rational will 


* It is only necessary to try -f-1, —1, and —3. Substitution of +1 gives 
all positive signs in the quotient and a positive remainder. Obviously 

substitution of a positive number greater than 
16+44+4 — 15 +1 would never produce zero for the remain- 

+ 16 -f 60 + (^ der term, since each term after the first not 

16 + 60 + 64 + 49 only would be positive but would be larger 

than the corresponding term appearing when 
+ 1 18 substituted. The number 1 is in this case said to be an upper limit 
of the roots. 

Similarly, when -3 is substituted the signs of the terms are alternately 
plus and minus. Consider the effect of 
16+44+ 4 — 15 |—3 substituting a negative number numerically 

— 48 + 12 — 48 larger than 3; the first product will be negative 

15 — 4 '-|_ 1(5 -1 53 and numerically larger than 48, the sum will 

be negative and numerically larger than 4; 
the next product will be positive and greater than 12 , the sum will be positive 
and greater than 16; etc. Thus, if when substituting a negative number, 
—r, the terms are alternately plus and minus, it is impossible to get a zero 
remainder by substituting a negative number numerically greater than r. 
The number — r is a lower limit of the roots. 

By being on the alert for these two situations the student will save 
himself the labor of substituting numbers which are too large or too small 
to be solutions of the given equation. 



30 


ELEMENTARY MATHEMATICAL ANALYSIS [Chap. II 


then be integers and facfcore of the constant term. These roots of (11) can 
be found by trial as shown above. If they are denoted by a:/, X 2 ', x#', the 
roots of (10) are xi/k^ x% xt Ik since x' of (11) and x of (10) are related 
by Ik • X. 

The value of A: in (11) may be 4 or any multiple of 4, as may be seen by 
inspection. The subsequent computation is simplest if we choose the 
smallest value of k which will serve, mz. 4; this gives from (11) 

x^* -f llx'* + 4x' - 60 = 0. (12) 

By synthetic division 2, ~3, and —10 are found to be roots of (12); hence 
the three roots of the original equation are and — 

This process of finding a new equation whose roots are k times 
the roots of a given equation is called multiplying the roots of the 
equation by k. From what precedes we can formulate the rule as 
follows: 

To multiply the roots of a given equation by arrange the terms 
of the equation in order^ aox”, aix""*, . . . , an; multiply ai by k, 
aa by k^f as by . y a„ by k^. 

Zero coefficients must not be overlooked. 

EXERCISE Vm 

1 . Multiply the roots of each of the following equations by the number at 
its right: 


(а) 3x^ - 4x* - 3x* + 6 x -f 1 * 0 3. 

( б ) 2x‘‘ -f 7x3 + 3x - 7 - 0 2. 

(c) 6x3 ~ 3x2 - 2 x + 8 * 0 6 . 

(d) 4x* -f x* — 6 x + 6 == 0 2 . 

(c) 3x< - 3x3 + 6 x 2 + 6 x -f 2 « 0 

(/) x» + 1 « 0 - 1 . 

(g) 4x^ 4- 7x2 4- 1 = 0 2. 

(h) 4x* 4- 7x2 -h 1 == 0 4 . 

(t) 4x^ 4- 7x2 -h 1 =0 -1. 

U) 8 x» + 1 - 0 2 . 


2. The roots of the equation Sx* — 28x2 22x — 5=0 are and 

Multiply the roots by 2 and check the result by showing that the 
transformed equation has 1,1, and 5 for its roots. 

8. Transform the equation in Problem 2 into another equation whose 
roots have the values —Hr and — 

4. Transform the equation in Problem 3 into another equation whose 
roots have the values —1, —1, and —6. 

8 . Write the equation whose roots are —5, —3, and —2. By the method 
in the last paragraph, transform it into another equation whose roots are 
— and — i.e.y divide the roots of the given equation by 10. 

The new equation has three roots between 0 and —1. 
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6. By what number may the roots of the following equations be multiplied 
in order that the resulting equation may have its leading coefficient unity 
and the remaining coefficients integers? Write the transformed equations. 

(a) ac» - 2® -f 9 « 0; (6) + 3x» - 12 » 0; 

(c) 4®* -f 8®« - 6® -h 1 « 0; (d) 4®^ -f 3x» + 12 « 0; 

(e) 6®» - 5®* + 12 =: 0; (/) 26®^ ~ 7® + 60 « 0. 

7. Find all of the rational roots of the following equations: 

(o) ®® — 6®2 - 4a; -f 20 = 0; 

(6) 2®3 - Ux» + 17® - 6 * 0; 

(c) 6®» ~ 7®» ~ 18® - 5 « 0; 

(d) 12®3 ~ 20®2 - ® 4- 6 « 0; 

(e) 12®3 - 32®* + 44® + 15 « 0; 

(/) + 27®3 + 5®* ~ 27® - 14 « 0; 

{g) ~ 9®8 + 11®* + 27® + 90 « 0; 

(h) 4- 5®* + 4 = 0; 

(i) ®» 4- 6®* 4- 6® 4- 36 = 0; 

(J) 3a4 4- 4®3 4- 3®* 4- 4® « 0. 

13. Some geometric properties. There are certain geometric 
interpretations of the relations discussed in the preceding para¬ 
graphs and in Vol. I of this series which it will be profitable to 
collect and tabulate before taking up Horner^s method for irra¬ 
tional roots. Associated with the equation f(x) = 0 is the func¬ 
tion y = fix) == CqX^ 4- Qix^-^ + * * • + the following are 
some properties of its graph. 

1. It is continuous and single valued for all values of x, becom¬ 
ing infinite only when x gets large without bound. (See Vol. I, 
page 123.) 

2. It may have maximum points, minimum points, or points of 
inflexion with horizontal tangents. The abscissas of such points 
are found by solving the equation f'{x) = 0. 

3. The totality of maximum and minimum points cannot 
exceed n — 1, since the degree of/'(x) is n — 1 and consequently 
the equation/'(x) = 0 can have at most n — 1 real roots. 

4. When the graph ofy= fix) does not have a totality of n — 1 
maximum and minimum points, the number which it possesses 
differs from n — 1 by an even number. This is due to the fact 
that if fix) = 0 has complex roots it has an even number of 
them. 

5. When the roots of fix) == 0 are multiplied by k (cf. equation 
(11), page 30) the effect on the graph of y = fix) is to stretch it 
horizontally if k is greater than unity, thus separating the roots 
more than before. 
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6 * If the function is positive for x = a and negative for x = 6 
(or conversely), because it is a continuous function it is zero for 
at least one value of x which lies between a and b. Geometrically, 
if the curve is on opposite sides of the x-axis at x = a and x = 6 , 
it crosses the x-axis at least once between a and b. This point is 
called a zero of the function and its abscissa is a root of the equa¬ 
tion /(x) = 0 . For example, the zeros of the function y = 
^8 3^2 _ 0 ^ whose graph is the heavy curve in Fig. 15 are at 

A, O, and B and correspond 
respectively to the roots x = -' 2 , 
X = 0, and x = 3 of the equation 
X® — x^ — 6 x = 0 . 

Let the cubic curve in Fig. 15 be 
moved, say, two units to the left of 
its original position. Its new posi¬ 
tion is indicated in the figure by 
the dotted curve. It is desired to 
find the polynomial function, 
denoted by 2 / = F(x), whose graph 
is the dotted curve in Fig. 15. Let 
the unknown coefficients of F{x) be 
denoted by 60 , 61 , 62 , 6 ^, as follows: 



of an equation 


F{x) = 60 ^^ + biX^ + b<2,X + 63 . 


The values of the coefficients in F(x) 
can be obtained by noticing that for points on 2 / = /(x), as Pi, P 2 , 
P 3 , with abscissas xi, X 2 , X 3 , respectively, there are on the graph of 
y a= F{x) points with equal ordinates but with abscissas Xi — 2, 
X 2 — 2, X 3 — 2 , respectively. More generally, for any point P 
with abscissa x on 2 ^ = /(x) there is on 2 / = P(x) a corresponding 
point P' with abscissa x — 2 and with ordinate equal to the ordi¬ 
nate of P; i.e., 


F{x - 2 ) - fix) 


(13) 


But Fix - 2) = boix ~ 2)’^ + 6 i(x - 2 )^ + ^aCx - 2) + 63 , and 
consequently, by (13), 


fix) - boix ~ 2)« -I- biix - 2)2 + b^ix - 2) + 63. (14) 

The two members of (14) are merely two ways of writing the same 
polynomial, consequently when any value is substituted for x. 
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the numbers obtained on the two sides of (14) are equal In 
particular, we set x = 2 and get 

/(2) = b,. 

Thus the value of one of the unknown coefficients of F(x) has 
been obtained. It is most simply computed by the method of 
synthetic division, since when /(x) is divided by x - 2 the 
remainder is/( 2 ). 

Let us now again divide both members of equation (14) by 
X — 2 ; not only will the remainders be equal but also the quotients. 
On the right the quotient is bo{x — 2 )‘^ + bi(x — 2) + b%. A 
second division by x — 2 gives 62 as the remainder and boix — 2 ) 
+ 61 as the quotient. The corresponding division on the left 
must also give 62 as the remainder and the same quotient. 

A third division by x — 2 of the last quotient on the right gives 
61 as the remainder and bo as the quotient. Thus we have found 
the following method of obtaining the coefficients of F{x). 

1. Divide f{x) by x ~ 2] the remmnder is bi. 

2. Divide by x 2 the quotient obtained by the first division; 
the remainder is 62 . 

3. Divide by x -- 2 the quotient obtained by the second division: 
the remainder is b\ and the quotient is bo. No further division is 
possible, after three divisions have been performed 

The computation for the function whose graph is the dotted 
curve in Fig. 15 is now shown. 
f(x) *= - X* - 6x 


F{x) = 4- 6x2 4 . 2x - 8 . 

From its origin we see that the graph of the function y - F{x) 
has zeros two units to the left of the zeros of y ^ /(x). In other 
words the equation x^ + 5x^ + 2 x — 8 = 0 has roots which are 
smaller by 2 than the roots of x® — x^ — 6 x = 0. The roots of 
the latter were found to be — 2 , 0 , and 3; consequently the roots 
of the new equation should be x = —4, — 2 , and 1 . This result 
should be checked by the student. 

The process of continued division by (x — 2 ) gave an equation 
whose roots are the roots of the given equation diminished by 2 . 


1 - 1 - 64-0 
4-2 4 - 2-8 


1+1-4 
+ 2+6 

00 

1 

1 +3 
4-2 

■4 2 



1 -f 5 


|2„ 


6, « -8 

6a « 2 

61 « 6 
60 1 
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In the same way continued division by (x + 3) gives an equation 
whose roots are the roots of the given equation diminished by 
(—3), z.e., increased by 3 This corresponds geometrically to 
moving the graph three umts to the right The process is called 
diminishing the roots of an equation. 

Illustrative Example 1 Dimmish by 3 the roots of 
2x3 X* - 32a; 4“ 16 = 0 

Solution We divide by a; — 3 by substituting +3 synthetically 

2 - 1-32 + 16 [3 
+ 6 + 16-51 
2 + 5-17-36 
+ 6+ 33 
2 + 11+16 
+ 6 
2 + 17 

F{x) - 2x8 + 17x» + 16x - 36 « 0 

Check The roots of the first equation are —4, ^ 2 ? and 4, the roots of 
the new equation are —7, —and 1 

Illustrative Example 2 Dimmish by -4 the roots of 
2x8 - x* - 32x + 16 = 0 

Solution 2 — 1 32 + 16 | —4 

- 8+36-16 
2 - 9 + 4 + 0 

- 8 + 68 
2-17 + 72 

- 8 
2-26 

The desired equation 2x* — 25x* + 72x = 0 has roots which are greater 
by 4 than the correspondmg roots of the given equation 

EXERCISE IX 

From the following equations obtain new equations whose roots are the 
roots of the given equation diminished in each case by the number in the 
parentheses 


(o) 2a^ - 3x8 - 6x* - 8x + 10 * 0 ( 3 ) 

(6) x» - 5x* - 7 = 0 (4) 

(c) 2x* + 7x* + llx - 1 = 0 (-3) 

(d) 4x^ +7x* - 11 * 0 (-1) 

(e; 2x® — 6x + 3 « 0 (1) 

(/) X* + 8x* + 4x - 9 « 0 (01) 

(j?) 4a;«+ 2x*+ 6 »0 (006) 
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14. Locatmg irrational roots. We can assume in this section 
that if a given equation has rational roots they have all been 
determined and the equation has been depressed 
(see page 27) by one unit for each rational root, 
so that f{x) =0 can have only irrational or imagi¬ 
nary roots. If there are irrational roots, the first 
step is to try to find between what two consecu¬ 
tive integers they lie. For example, let us study 
the equation 

+ ix + 5 == 0 (15) 

to see if it has irrational roots. The appended 
table of values of the function ^ = x® — 5x^ + 

4x + 5 is computed. 

An arrow in the table directs the attention to the 
fact that the function has changed sign; hence, by property 6 
on page 32, the three roots of the cubic equation (15) are located 
as follows: 

(1) one positive root between 2 and 3, 

(2) one positive root between 3 and 4, 

(3) one negative root between —1 and 0. 

Since a cubic has exactly three roots, this cubic has no complex 
roots. 



EXERCISE X 


Locate the irrational roots of the following equations: 


(o) - 3a:« + 6 = 0; 

(c) X® + -+-2=0; 

(e) X® — 2x* — 2x — 4 = 
(g) 3a+ - 5x« - 1 = 0; 


0 ; 


(6) X® - 3x + 7 = 0; 

(d) 2x® -f 3x2 ~ 5x -f 6 = 0; 
(f) 2x* - 3x® - 5x2 -f 7 = 0; 
(h) 4- 3x< 4- 6x2 _ 8a; - 10 


Illustrative Example 2. Locate the irrational roots, if any, of 


0 . 


x‘ + 1 = 0. 

Solution. The table of values for y — x* -\r 1 need not be carried far. 

Since there is no odd power of x in the right member, y 
has the same value when, say, —o is substituted as when 
4-a is substituted. This means that for any point on 
the graph which lies to the right of the y-axis, there is 
a corresponding point on the left of the y-axis, and that 
these two points are symmetric with respect to the 
j^axis. (C/. Vol. I, pages 37 and 165.) 

The table of values of the function x^ 4* 1 leads us to 
suspect that the function has no real zero. The derivative 


X 

y 

-2 

17 

-1 

2 

0 

1 

1 

2 

2 

17 
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of y with respect to x is Ax*. This is sero only when a; = 0. Hence the 
mmimum mltte of the function (the table shows that there is a minimum 
value) is its value when x = 0; mz., y — 1. Hence the function has no real 
zero and the equation + 1 « 0 has no real root. 

Its four roots are imaginary and by Cor. 1 on page 26 they form two 
conjugate pairs. They can be obtained algebraically as follows: 

X* + 1 =0, 

x^ « -1, 

X* = ± i, 

X = ± \/t^ ± 

These roots can be expressed trigonometrically by the method of Sec. 7, 
Chap I. 

Note. It is evident that an equation with no real root is of even degree, 
and that an equation whose degree is odd must have at least one real root. 
Geometrically, a cubic curve, quintic curve, etc , crosses the x-axis at 
least once. 

Illustrative Example 3 Ixicate the real roots of 
128x3 - 216x* + 108x - 15 = 0. 

Solution. From the table of values of the function 
y =* 128x3 - 216x* + 108x - 15 
wo conclude that there is at least one real root between 
0 and 1. Moreover, the synthetic division shows thar 
2 is an upper limit and — 1 a lower limit of the roots. 

We cannot conclude that the remaining two roots are not real, 
for it is possible for the curve to cross the x-axis twice between 
two consecutive digits or three times between 
0 and 1. We examine the derivative in order to 
find the maximum and minimum points (if any) 
of the given cubic. The derivative is 12(32x2 
— 36x + 9); its zeros are x = % and x = 3^. 

We include these values in the table of values; the 
conclusion is that there are three real roots 
between 0 and 1. 

There is no danger of not finding all of the roots 
of a given equation if all of its turning points are 
located and included in the table of values. 

EXERCISE XI 

Fmd the rational roots, locate the irrational roots, and when possible 
determine the number of complex roots of the following equations: 


X 

y 

0 

-~15 






\ 

>4 




1 

3 


X 

V 

-1 

-467 

0 

- 15 



1 

+ 5 

2 

+361 
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(a) z* — Sx 4- 6 « 0; 

(c) — 6 x* 4-9=0; 

(e) 5x« — lOx* 4-2=0; 
(g) x^ - 6x® 4- 9 = 0; 

(i) a* 4- 32 = 0; 

(Jk) X* 4 X* 4-1 - 0; 


(6) 4x* 4 2x» ~ 6x* 4 llx 4 7 = 0; 

(d) 6x» - 7x* - 16x 4 12 = 0; 

(/) X* 4 2x^ 4 7x* 4 Ox 4 12 = 0; 

{h) Ox» - 6x* - 17x 4 6 « 0; 

0) Ox* 4 13x» 4 7x» 4 26x ~ 10 « 0; 
(1) 9x* - 30x» 4 29x* 4 02x 4 16 « 0. 


15. Horner’s method for irrational roots. To illustrate the 
method, let us compute the irrational root of 


~ 5x2 + 4x + 5 « Q0) 

On page 35 it was found that a root of this equation lies 1x4 ween 
2 and 3. We dimmish the roots of (16) by 2 and obtain a new 
equation, 

4 x2 - 4x + 1 = 0 (17) 


which has a root between zero and 1. 

By synthetic division we try 0.1, 0.2, 0.3, 
finding that the remainder is positive for x = 
0, 0.1, and 0.2 but is negative for x = 0.3; i.c., 
equation (17) has a root between 0.2 and 0.3. 
The next step is to dimmish the roots by 0.2, 
thus obtaining a new equation which has a 
root between zero and 0.1. 


1 - 6 44 46 [2 
4 2 - ti - 4 
I - 3 - 2j 4 1 

__4 2 - 21 

1 ... I j - 4 

f _2| 

1 4~ f 


14 1-4 41 |0 3 

4 0 3 4 0 39 - 1 0 83 
1 4 1 3 - 3 61 - 0 083 


The new equation is 


1 

4 

1 


- 4 


-1 

1 



4 

0 

2 

40 

24 

- 

0 

752 

r 

4 

1 

2 

-3 

7f>l 

4 

0 

248 


4 

0 

2 

40 

28* 




r 

4 

1 

4 ’ 


48 





4 

0 

2| 

[-3 





r 

4 

1 

6 







x2 + 1.6x2 _ 3 4g^ + 0.248 = 0. 


(18) 


An approximation of the desired root of (18) is obtained by 
neglecting all of the terms except the linear term and constant; 
viz,y 

-3.48x + 0.248 - 0, 

X == 0.07 (approx.). 


Since x is less than one-tenth, x* and x^ will be small in comparison with 
X. When the terms in x^ and x® are neglected, we get an approximation 
whose accuracy depends partly on the actual size of the root and partly 
on the sizes and signs of the coefficients of the powers of x which are neg- 
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lected. In general, the smaller the root sought, the more reliable will be 
the approximation obtained by neglecting the higher powers of x. 

In the above example, we try 0.07 by synthetic division and 
find a remainder of +0.012583; we then try 0.08 and find a 
remainder of —0.019648. Hence the actual value of the root 
is greater than 0.07 and less than 0.08. The roots of (18) are 
next diminished by 0.07 and a new equation, 

+ 1.81x2 - 3.2413X + 0.012583 = 0, (19) 

is obtained. This equation has a root which lies between zero 
and 0.01. 

An approximation is obtained by solving 

-3.2413X + 0.012583 = 0, 

X = 0.00388. 

It can be shown that when there are k zeros after the decimal 
point the best approximation is obtained by taking k additional 
digits in the quotient. Here, then, we can say the root is 0.0039. 

If greater accuracy is desired, diminish the roots of (19) by 
0.003, after which the approximation will have (at least) three 
zeros after the decimal place and may consequently be accepted 
to the sixth place. In fact it is 0.000886. 

Going backward from (19) to the original equation, the results 
may be tabulated as follows: 

а. A root of (19) is 0.003886 (or .0039); 

б. The corresponding root of (18) is 0.073886; 

c. The corresponding root of (17) is 0.273886; 

d. The corresponding root of (16) is 2.273886. 

By continuing the process a suitable number of times, as many 
decimal places may be obtained as are desired. 

The graphs of all of the functions, the left members of equa¬ 
tions (16), (17), (18), and (19) may be traced from a pattern cut 

from any one of them. All that is necessary is to move the 

pattern on the x-axis until it is in the proper position with respect 
to its zeros. 

Equation (16) has a negative root between —1 and 0. (See 
page 35.) It is more awkward to work with negative than with 
positive roots. Let us multiply the roots of equation (16) by 
(—1) by the method of Sec. 13. We have 

fix) - x» - 6x2 + 4x + 5 = 0, 

—/(—x) == X® + 5x2 + 4x — 5 «= 0, 


(16) 

( 20 ) 
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The negative root of (16) which lies between 0 and —1 corre* 
spends to a positive root of ( 20 ) which lies between 0 and 
The numerical value of the root is not changed by multiplying 
it by (-1). 

Successive trials show that the desired root of ( 20 ) lies between 
0.6 and 0.7. When the roots are diminished by 0.6 the resulting 
equation is 

x» + 6 . 8 x 2 ^ 11 o 8 x - 0.584 « 0, 

which has a root between zero and one-tenth. The approxima¬ 
tion is given by 

lL08x == 0.584, 

X = 0.05. 

Trial shows that the root lies between 0.05 and 0.06. We dimin¬ 
ish the roots by 0.05, obtaining the new equation 

X® + 6 . 95 x 2 4 . 11.7675X - 0.012875 - 0, 
which has a positive root whose value is less than 0 . 01 . 

l-h68 + 11 08.-0 684 [0_^ 

_ 0 05 + 0 3425 + 0 5 71125 

1 + 6 H5 + 11 4226 - 0 012876 

0 05 + 0 3460 

1 + 6 + Ti 7675 

0 05] 
i + 6 95 

The approximation to the root is given by solving 11.7675x 
0.012875; it is x = .00109. Consequently, the best approxima¬ 
tion to four digits to the root under discussion of /( —x) = 0 is 
0.6511; the corresponding negative root of equation (16) isx » 
-0.6511. 

EXERCISE Xn 
1 . Find all of the real roots of 

(o) X* - 2x» - 6x + 7 « 0; (6) 2x» - 7x* - 30 « 0; 

(c) X* + 4x» - 9x» - 120 « 0; (d) x» + x* - 7x - 3 « 0; 

(e) X* - llx» + 38x* - 51x + 27 « 0; (/) x« - 9 « 0; 

to) 32x» - 80x» - 66x + 189 - 0; (^) x< - 8 « 0. 

a. A box 18 in. long, 10 in. wide, and 8 in. deep is to be doubled in volume 
by increasing each dimension by x in. Fmd the value of x to three decimal 
places. 

3. A spherical shell has an inner radius of 12 in.; the volume of the solid 
part is 600 cu. in. Find the thickness of the shell. 
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4* A sector is to be cut from a circular piece of cloth aud fashioned into a 
conical tent. The radius of the circle is 9 ft. and the cubic contents of the 
tent must be lOar cu. ft. Find the radius of the base of the tent and the 
angle « of the sector. 




5 . The height of a cylindrical lank is equal to the diameter of a circular 
cross section; the volume of the tank is 1,000 gal What are its dimensions? 

SUMMARY 

Determination of the real roots of a polynomial equation with 
rational coefficients. 

I. Try integral divisors of the constant term (Theorem I, 
page 27); if integral roots are found, remove the conesponding 
linear factors; t.c., depress the equation. 

Note, Be on the watch for upper and lower limits of the roots 

II. If the leading coefficient of the last depressed equation is 
not unity when the remaining coefficients are integers, multiply 
its roots by a suitable factor ft so as to obtain a new equation 
which satisfies the above conditions (Theorem III, page 27). 

III. Find the integral roots of the last equation. The quotient 
of each of these numbers by ft is a rational root of the given equa¬ 
tion. Depress the last depressed equation each time a root is 
found. 

IV. Make a table of values of the function y — ip (x) where 
<p{x) =» 0 is the last depressed equation, thus locating the irra¬ 
tional roots. 

V. Compute the irrational roots by Horner’s method. 

In case of doubt as to whether all of the real roots have been 
found, find the maximum and minimum points on the graph. 



CHAPTER III 


RADICALS AND EQUATIONS CONTAINING RADICALS 

In Chap. V of Vol. I it is shown that any radical can be replaced 
by a fractional exponent. As a preparation for the study of 
logarithms there was practice in multiplication of radicals, 
division of radicals, rationalizing the denominator, etc. In this 
chapter radicals will be added, subtracted, multiplied, and 
divided. Also, equations involving radicals will be solved. 

16. Addition and subtraction of radicals. Radicals having the 
same index and the same radicand’^ are added by adding the coef¬ 
ficients; as, 3\/5 + 7\/5 — 4\/5 == 6\/5* If the indices are 
not the same and cannot be made the same by simplification or 
if the radicands are not the same and cannot be made the same 
by simplification, the sum must merely be indicated. For 
example, 3\/h — 2-^ cannot be expressed as a monomial. 
The same is true of 3\/5 — 2\/7- Such an expression is called 
a binomial surd. 

The next example has terras which appear to be unlike but 
which when simplified are alike, f.c., have the same index and the 
same radicand. 

2\/T50 - 3\/54 + v'594 ~ *>^36 - 

IOVG - 9\/6 + 7\/6 - \/6 = 7\/6. 

EXERCISE Xin 

Perform the indicated additions and subtractions when possible, simplify¬ 
ing radicals. 

(o) 5V2 - + 4>/l2; (b) V5S + VIS - 6; 

(c) VlOOO - SVIO + VOO; W 

(e) 30\/5 - 70Vi5 + lO-v/lO; (J) 4-^ - 

(ff) 2\/75 + 7V57 - V5; (A) VSeSSSS - VT3S2S; 

(i) - 3-v/m; O') ■'ySV + 

ik) y/W + {1) \/32o>5 - vTSS*. 

* The radicand is the expression under the radical sign. 

41 
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17» Multiplication and division of radicals. Radicals having 
the same index may be multiplied and divided. Moreover, two 
radicals which do not have the same indices can be replaced by 
equivalent radicals having a common index and may then be 
multiplied or divided. The product of two radicals with the same 
index is obtained by multiplying under the radical sign. The 
quotient of two radicals with the same index is obtained by dividing 
under the radical sign; e.g,, \/45 • \/6 ~ \/225 = 15, and 
\/45 \/5 = \/9 *= 3. 

The two statements of this section are proved by the use of 
the laws of exponents. Let us replace all radicals by fractional 
exponents. Then, 

(1) • VN = • N^^ - (M • 

(2) VM • ^ 

(3) VM -f- ViV = Jlf« ^ = VJ 

While products and quotients of radicals are obtainable by 
multiplication and division under the radical sign, as a matter of 
experience the labor of computation is generally lessened if we 
use fractional exponents and factor each radicand into powers of 
prime factors; e.g., 16 = 2^. 

This makes the final simplification of the result easier. 

IiriiUSTRATivK Example. Find the product of 

^I8l44a*& by ^/mA4ab*. 


Solution. 

iyi8144a»6 • Vi^lUab* = (2‘ • 3< • 7a»6)^^(2« • 3* • 7(ib*)^ 

« 2 • 3(2» - 3 • 7a*6)^ • 2* • 3*5*(2 • 7a)^» * 2» • 3»6*(2» • 3 • 7a*6)^(2 • 7a)^ 
2166*(2^. 8» • 7»' • 7*a»)^^ « 2162>»(2’^3*7‘^a^6*)^ 

« 216 • 2o6*-C/2~3* • Tah* = 432a6*-^^3d25mF*. 

In a problem such as this it would be very difficult to simplify 
the product if the given radicands had not been factored before 
the multiplication was performed. 
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For most purposes, and surely when any computation is to be 
made, the radical can be handled more easily if the denominator 
is put into a rational form. 


EXERCISE XIV 


Perform the indicated operations giving the in simplified form and 

with no radicals in a denominator. 


(a) • \/S; 

(c) 5-^160 - 21^25; 
(e) 6\/T5.4^; 

2Vfi + 3 

« (2\/3 -f 6)»; 


(6) ^12 -f- 2\/8; 

(d) i\/ab*c* -r 2Va6*c; 
(/) 6-^aW 4- \/8a6c»; 
2V^Lrjv/2. 

4 V3 -f 2\/2' 

0) (1 + V2)(l - V2). 


(A) 


18. Equations containing radicals. It is to be understood 
that when a term containing a radical appears in an equation the 
radical is not double or multiple valued but is to be taken with 
the sign which precedes it, or with the positive sign if there is no 
sign Indicated. For example, in the equation 4 — -y/j = 7, 
a: = 9 is not a solution; in fact there is no solution. To solve 
such an equation we write — \/x == 3, then square both sides, 
obtaining x = 9. However, before accepting x ~ 9 as a solution 
we substitute it in the original equation. 

This is an illustration of a situation which is not infrequently 
met when equations containing radicals are solved; viz.^ when it is 
necessary to square both members of the equation there is a 
possibility that one or more roots may be introduced. This 
means that the new equation may have solutions which are not 
solutions of the original equation; the two equations are not 
equivalent since extraneous roots have been introduced. 


Note, Two equations are said to be equivalent if they have the same 
solutions. When an equation is multiplied by or divided by a constant 
which is not zero, an equivalent equation is obtained. The same is not 
true when an equation is multiplied by or divided by a function of the 
variable or variables. 

A system of equations is said to be equivalent to a second system if 
the two systems have the same common solutions. Let fix^y) = 0 and 
F(x,y) « 0 be two equations whose common solutions are desired. Equiv¬ 
alent systems are the following: 

J(x,y) « 0, 

+ bF{x,y) * 0, 
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and 

F(x,y) - 0, 

+ bF{x,y) = 0, 

where o and h are numbers. 

Illusteativ® Example. Solve the following equation for x: 

\/x^ -f 18 4- 5x = 3. 

SoLtJTioN. We write -f- 18 - 3 — 5a;. After this we square both 
members and collect terms. This gives 24a;* — 30a; —9=0, from which 
X ^ % and a; = — 34. 

In this case, squaring did not introduce any extraneous roots as can 
be verified by substituting x ^ % and a; = — 3^^ in the original equation. 

EXERCISE XV 

Solve the following equations for x'. 

(a) lOx = 39 + 2^2^; (6) 3a; 4- y/^- 4 = 1; 

(c) 3a; 4- 4 9a;* = ~ 1? (d) y/x — 9 = 14- y/x\ 

\/4 4 9a;* 

(e) VlOa; 4 6o — y/Sx = 4 fin; if) IOmj — 9y/2w = 2; 

ig) y/x 4 \/3i 4 26 = y/Sx 4 26; (h) I = vry/r^ + xK 

SUMMARY 

Radicals. 

Operations on radicals. 

Addition. 

Subtraction. 

Multiplication. 

Division. 

Rationalizing the denominator. 

In equations. 

Equivalent equations. 

Extraneous roots. 

The student should be able to describe the method of perform¬ 
ing the above operations on radicals. 



CHAPTER IV 


SIMULTANEOUS LINEAR EQUATIONS IN MORE THAN 
TWO VARIABLES, DETERMINANTS 


Two linear equations in two variables can be solved by the 
use of two-rowed determinants, t.s., determinants of the second 
order.* Similarly, three linear equations in three variables can 
be solved by the use of determinants of the third order, four linear 
equations in four variables can be solved by the use of deter¬ 
minants of the fourth order, etc. 

In this chapter we shall first solve three general linear equations 
in three unknowns. The solutions obtained will serve as a means 
of defining a determinant of the third order. 

The properties of determinants will then be studied, deter¬ 
minants of order 3, and indeed of order n, after which it is a 
simple matter to apply the elementary theory of determinants 
to the solution of a system of n linear equations in n unknowns. 

19. Simultaneous linear equations in three variables. We 

wish to find values (r, z) which satisfy the three linear equations 


aix + bii/ + CiZ = di, 

C2 C3 


02X h^y "h c^z — d^j 

-Cl 

( 1 ) 

aix + biy + C3Z = dz. 

-Cl 



The solution may be obtained in the following steps: 

1 . Eliminate z from the first and second equations, multiplying 
them, respectively, by c>i and ~ri, as indicated to the right of 
the first vertical line, and afterward adding them. 

2 . Eliminate z from the first and third equations; the respective 
multipliers are cz and —Ci, 

3. Eliminate y from the equations obtained in the first and 
second steps, using the respective multipliers ( 61 C 3 — hzCi) and 
(b^Ci — 61 C 2 ). The result is D • x = Di where the symbol D is 
defined as follows: 


bi Cl 1, , . 

T\ t ^2 bl Cl , 61 Cl 

D ^ a 2 02 Ct ^ fll , ^ <^2 r + as , ; 

, jOa Ca 03 Cs 02 c% 

Uz O3 c$ 

^Togsdon, “Elementary Mathematical Analysis,^' Vol. I, Chap. XI. 

45 
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D SK — (Z1&3C2 ““ djbiCz -j- ^263^1 “f* (I3&1C2 — 0362^1, (2) 

and where Di is the determinant obtained from D by replacing 
the coeflBicients of x, viz.y ai, 02 , and as, by the constants di, ^ 2 , 
and da, respectively, which in equations (1) constitute the right- 
hand members of the given system. 

In a similar manner corresponding equations may be obtained 
for y and z\ in these equations the symbols D 2 and Ds are used 
to represent the determinants obtained from D by replacing the 
coefficients of y and of z^ respectively, by the constants di, d 2 , 
and ds. 

The equations which give the solutions of the system (1) are 

D • X = Di, 

= (3) 

D * z = Dz. 

If D is not zero each equation in (3) may be divided by Z>. 
The result is a unique solution, (x, y, 2 ), of the given equations, 
which are therefore called consistent. 

When D is zero there are several cases to be considered. This 
will be done on page 51 after the theory of determinants has 
been studied and a geometrical interpretation of a system of 
three linear equations in three unknowns has been made. 

In equation (2) is given the definition of a determinant of 
order three. It is to be noted that when the elements a^, bj, etc., 
are numbers a determinant is a number expressed by a certain 
square array of the elements which combine in the manner 
indicated. 


EXERCISE XVI 

Find whether the following triples of equations are consistent and if so, 
find the common solution 


(a) 2 x - y + 2=0, 

4x 4* 2t/ ~ 32 *= 14, 

2x Zy -j' 6z == 13. 

(c) X + y - « 4, 

2x — 3y -f 42 = —6, 

4x 2 / 4- 22 = 3. 


(b) Zx —2y — 2=0, 

6x — 4j/ ~ 22 = 3, 

9x — 6t/ — 32 = 2 

(d) 3x 4" 2y — 32 =» 6, 

4x — 2?/ — 132 = —3, 
— X 4- 4^/ 4“ 42 = —3. 


20. Determinants* A three-rowed determinant whose ele¬ 
ments are numbers is said to be evaluated when the number 
which is the sum of the six terms in the right member of equation 
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(2) has been found. The evaluation of a three-rowed deter¬ 
minant can be greatly simplified by the use of the theorems, 
definitions, and remarks which follow. The student should 
be able to supply all proofs which are omitted. 

1. Any symbol, as as, ci, etc., in D is called an element of 
the determinant. 

2. If the elements in the first row and first column, for example, 
are deleted, the two-rowed determinant which remains is called 
the (first) minor of the element which stands in the first row 
and the first column. Thus each element has a minor. It is 
customary to denote the minor of aj by Ai, the minor of bi by Bu 
etc. In the determinant 

ax bi Cl 
O'l 62 ^2 
Os bs Cs 

the minors of bs and of r2 are, respectively, 

Bz = “landCj 

(I 2 ^2* Os Os 

3. The value of D as given in equation (2) may be expressed 
in terms of minors. It is 

D = OiAi — a2A2 + OsAs* 

4. The value of D may equally well be obtained by multiplying 
the elements of any column or of any row by their respective 
minors and adding the products, provided that each element is 
associated with a plus sign or a minus sign (called the positional 
sign) according to the following scheme: 

+ ~ + 

~ - 

+ ~ + 

For example, expanding according to the elements of the 
second row, we get 

J) as ^cl^A^ Hh &2J52 — C2C2* 

Proof: 

-asihiCt — btCt) 4- - a*Ci) - Ca(ai5, - a^i) « 

—4" 4" — OihtCt 4* OtbiCt- 

These terms are identical with the terms in the definition of D given in 
equation (2). 
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The student should satisfy himself that the following six 
evaluations of D are correct. 

By rows: 

D *= Ujilj — biBi -f* ciCi, 

J} sx — G2A2 4 “ 62J52 — c^C^f 
D =» CiAz — bzBz + czCzf 

By columns: 

D ®= <lxA\ — 02^12 H" 

D = —biBi 62-62 ■*” bzBzf 
D *= ciCi — C2C2 4 " cgCg* 


5, The value of D is unchanged if the rows and columns 
are interchanged; t.c,, 


Oi 02 O3 


Oi 61 Cl 

61 62 63 

= 

02 62 O 2 

Cl C2 Cg, 

i 

az bz Cg 


6. The value of 


mai bi Cj 
Vfldi 62 C2 
maz 63 cz 


is mD. 


7. When two adjacent rows or two adjacent columns are 
interchanged, the value of the determinant thus formed is — D. 
For example, 


Oi Cl 61 


Oi 61 Cl 

02 C2 62 

=s — 

02 62 C2 

az Cg bz 


U3 63 Cz 


8. The value of D is zero if each of the three elements in one 
row (or in one column) is zero. 

9. The value of D is zero if the elements of two rows (or of 
two columns) are equal or are proportional. For example, 


oi kai Cl 
O2 ka*i C2 
az haz Cs 


Cl 


02 kaz 
Os kaz 


- C2 


Oi kai 

az kaz 


4“ cg 


Oi kai 
Og ^02 


^ 0 


Let A: = 1 in the last determinant and let us evaluate according 
to the elements of the first column. This gives an interesting 
corollary. 

Cor. The number obtained by multiplying the elements 
of any row (or column) by the minors of any other row (or 
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column) and adding, using the proper positional signs, is »ero; 
in symbols, 

CiBi — + CL^Bi =* 0 , 

ttiCi —* 4 * UsCj *= 0 , etc. 

ai moi + hi Cl 

10. The value of 02 ma^ + 62 02 is Z); 

Os mat + bt ct 

i.e., a determinant is unchanged if to the elements of a row 
(or column) are added the corresponding elements of any other 
row (or column) multiplied by the same number m. 

Froof. Let us use the synihol 2>' for the detenninant whose value we 
seek and let us expand accordiiiK to (he elements of the second column. 
Then 

D' « —(mo, + hi)Fi 4- {niat -f 6a)Ba — {mat 4- bt)Bt 
* —m{aiBi — a^Bt 4 " o-tBi) 4 " i'~-biBi 4 " biBt — b^Bt), 

/). q.eJ. 

2 1 3 

Illustrative Example. Evaluate the determinant 1—4 6, 

-3 2 -2 

Solution. Let the elements of the second row be multiplied by —2 and 
added to the elements of the first row. This gives the numbers 0, 9, —9, 
respectively, as elements in the first row and leaves the stwond and third 
rows unchanged. 

Now multiply the elements of the second row by 3 and add to the elements 
of the third row, leaving in the third row tlie numbers 0, —10, 10 and not 

0 9-9 

changing the first and second rows. The determinant now is 1 —4 6 

0 -10 16 

which can be evaluated quite simply by expanding according to the elements of 
the first column. We get —1 times its minor * — 1 • (9 * Ifi 0 * 10) ~54. 

EXERCISE XVn 

1. Solve by determinants the problems in Exercise XVI in which D is not 
zero. 

2 . Evaluate the following determinants: 


(a) 2 

5 

1 

(b) 7 

4 

-1 

0 

-3 

4 

4-3 

6 

-7 

-5 

7 

-2 

8 

3 

2 


(c) 


4 2 4 
6 3 6 
6 1 -6 


d) -1 2 3 

-2 3 4 

-3 4 5 
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(e) 

2 

0 1 


(f) 

1 

2 

3 


4 < 

-3 5 



8 

--7 

3 


a 

9 4 



6 

-11 - 

-3 

ia) 

5 

7 9 


(h) 

3 

-6 

8 


13 

11 7 



-11 

16 

3 


9 

6 13 



7 

4 

5 

what value of x 

will the following determinants vanish? 

(a) 

2 

-1 

3 

(b) 

X 

-7 4 



4x 

2 

-7 


2 

3 -1 



3 

4 

-1 


4x 

1 5 


W 

bx 

-1 

0 

(.d) 

-1 

X 3 



4 

x+l 3 


+3 

6 -9 



1 

-2 

1 


1 

2 4 



A determinant of order n where n is any positive integer 
not less than 2 is a symbol used to represent the sum of terms 
obtained by expanding according to the elements of any row 
or of any column. In this expansion each element of the row 
(or column) is multiplied by its minor which is a determinant of 
order n — 1 and with each element is associated a positional 
sign. The scheme for positional signs has + in the upper 
left-hand comer; thereafter the signs in both directions are 
alternately minus and plus. 

The number of terms in the expansion of a determinant of 
order n is nl* 

21. Rank of a determinant. A determinant of order n whose 
value is not zero is said to be a determinant of rank n. If the 
value of the determinant is zero and there is one (at least) 
minor determinant of order n — 1 whose value is not zero, 
the rank of the determinant is said to be n — 1. 

If D and all minor determinants of order n — 1 vanish, we 
examine the minor determinants of order n — 2, i,e,, the deter¬ 
minants obtained by deleting two rows and two columns from D. 
If one (at least) of these determinants has a value which is not 
zero, the determinant is said to have rank n — 2, etc. 

* The symbol n ! is read n factorial or factorial n. It indicates the product 
of all of the positive integers from 1 to n inclusive. Thus, 51 =* 1*2*3*4'5« 
(Cy. Vol. I, page 31.) 
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In the case where n » 3, let us consider again the three linear 
equations in three unknowns, 

(i\X ” 1 “ h\y C\Z =» dif 

+ hty 4 " c^z = dt, ( 1 ) 

03J + hzy + C32 * dz, 

A geometrical interpretation of these equations may be made 
as follows. In a space of three dimensions take as x-axis, jy-axis, 
and 2!-axis three mutually perpendicular lines meeting at the 
origin of coordinates and call the plane containing the x-axis and 
^-axis, the xy-plane; the y-axis and 2^-axis, the y^-plane; the x-axis 
and x-axis, the x2J-plane, A point P{xyz) will be located by its 
distances from these three planes of reference; for example, x is 
the distance from the yz-plane measured on the x-scale, etc. 
When a point is given, there is for it only one set of coordinates 
(x, y, z) in this coordinate system; and conversely, for a given 
triple of numbers (x, y, z) there is one and only one point in the 
space whose coordinates are these numbers in the order agreed 
upon. 

In such a system of coordinates, the graph of a linear equaiton 
is a plane; hence the possibihties of solutions of equations (1) 
are the same as the possibilities of intersection of three planes. 
The following tabulation shows how the geometric situations 
are related to the determinants which appear in equations (3). 

The Planes The Equations The Determinants 


Tho three pianos 
meet in a point. 

One plane is parallel 
<0 the line of inter¬ 
section of the two 
others. 

The three planes are 
parallel. 

Two of the planes 
coincide and the third 
plane is parallel to 
them. 

The three planes 
have a line m common. 

The three planes 
coincide. 


The efjuations are 
consistent. 

The equations are 
inconsistent. 


The equations are 
inconsistent 

The equations are 
inconsistent. 


The equations are 
dependent. 

The equations are 
dependent. 


The rank of /> is 3. 

The rank of 1) is 2; 
at least one of Di, 

D| has rank 3. 

The rank of D is 1; 
/>i, D 2 , Dt have rank 2. 

The rank of Dm 1; 
one of Di, Z)«, D% has 
rank 1, the others have 
rank 2. 

The rank of D is 2; 
no one of Z>i, Da 
has rank 3. 

The rank of D is 1; 
no one of Dj, D*, Da 
has rank greater than 1. 
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EXERCISE XVm 

1 . Classify the following triples of equations geometrically. If they are 
consistent find the common point, 


(a) 2x — By -h 7z ^ —14, 

( 6 ) 3x 4* 62 / — 82 « —1, 

4x -h 2 / — « 14, 

7x + 22 / - 32 = 17, 

2 x - 2 / + 2 « 2 ; 

X -f — 92 = —9; 

(c) 6 x + y * 12 , 

(d) X 4y — 42 15 , 

2 x — y — 72 « --12, 

3x -j- y + 52 = 7, 

y + 42 *= 10; 

4x — 3y 4* « —18; 

(e) X + 2 / - 2 “ 1, 

(f) X + y - z ^ 1, 

X -f 2/ — 2 “ 3, 

2x — 32/ — 2 *= —4, 

X - 2/ + 2 “ 4; 

2 / 4- 2 « —6; 

(^) X + 2/ - « * 1, 

(h) X + 2 « 1, 

2x — 32/ — 2 = —4, 

7 / 4- 2 « 1, 

2 / 2 « 0; 

X — 2 / + 32 « —1, 

2. Multiply the three equations (1) on page 51 respectively, by Ai, A 2 , A 
add the resulting equations, and obtain the first formula in equation(3); W 2 ., 
D • X - D\. In the same way use Bi, B 2 , B* as the respective multipliers 

and obtain D • y ^ Di. 


22. Simultaneous linear equations in n variables. By the 
method of elimination used in Sec. 19, and also by the method 
in Problem 2 in the last set of exercises, it can be shown that 

the variables Xi, X 2 , . . . , x„ 

appearing in a system of n linear 


equations satisfy the following relations: 

D Du D • x% ^ Du • ' D Xn ^ D„, (4) 

If D is not zero, equations (4) furnish a unique set of numbers 
(xi, X2, . . . , Xn) which satisfy each of the equations of the 
given system; the equations are consistent. 

When D is zero, the number of solutions depends on the 
ranks of D, Di, Z>2, . . . Dn. Such systems are discussed in 
texts on the Theory of Equations. 

23. Some applications of determinants. A number of formulas 
of analytical geometry can be expressed by the use of determi¬ 
nants. We shall prove first that the area of a triangle whose 
vertices hxwe the coordinates (xi, yx), (x2, yz), <ind (xs, yz) is given by 




xi yi i! 
X2 y2 1 ! 
xs yz il 


( 5 ) 
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Prorf. T]» area of the triangle PiPiPt is equal to the aum of the areas of 
the two trapezoids Af»J/#P|P| and MiMjPiPi (Fig. 17) diminished by the 
area of the trapezoid MiMiPiPt\ i,e,, 

S ^ HiVt -f yi}{Xi - Xt) -f -f yi)(xi ~ xi) - hiilfi + y*)(a?i - Xi), 

S = yUxtyt - zty% - XiVi + + Xiyt - x*yi). 

But the right member of the last equation is 
equal to the right member of equation ( 6 ) as is 
easily seen by developing the detc^rminant accord¬ 
ing to the elements of the last column. 

Note, The rows in the determinant in ( 6 ) 
contain the points PiP*Pi as they are reached 
when the perimeter of the triangle is traversed 
in the positive dtreclum starting at Pj. Let the 
rows be arranged m the sequence Xi yi 1 , Pm, 17 , 

Xi pi 1, Xa Pi 1, which corresponds to the 
order in which the jxiints are reached when the 

penmeter of the tnangle is traversed in the mgalvve direction starting at 
Pi. By this rearrangement of rows the sign of the determinant is changed. 
We conclude that a positive nutnber u obtained for the area of the tnangle in 
Fig. 17 if the vertices PiP^Pt are in counterclockmse order. 

In Fig. 17, let Pi and P 2 be fixed points and consider a point P 
which takes various positions in the plane. The area of the 
triangle PP 1 P 2 may be written out in determinantal form for 
any position of P. In particular, if P takes a position on the 
line P 1 P 2 the area of the triangle PP1F2 is zero; i.e., for P on the 
line determined by Pi and P 2 wc‘ have 

X y 1 

xi yi l == 0 . ( 6 ) 

X2 yt 1 

Equation (6) is the equation of the line P 1 P 2 , since it is satisfied 
by the coordinates of any point on the line and is not satisfied by 
the coordinates of any point not on the line. 

Definitions. Three or more points are said to be collinear 
if they lie in a straight line; two or more lines which meet at a 
point A are said to concur at A ; three or more lines are said to be 
concurrent if they pass through the same point. 

From equation ( 6 ) we conclude that three points (xa, j/s), 
(xi, ^i), and (x 2 , yt) are concurrent if the determinant 

xz y$ 1 
xi yi 1 
Xi y% 1 



vanishes. 
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The condition that three lines be concurrent is expressible as a 
determinant as follows; Let the equations of the three lines Li, 
L 2 , and Lz be 

Li: aiz + biy + ci = 0, 

Lz: azx + b^y + cz == 0, ( 7 ) 

Ls: azx + bzy + ca = 0. 

If L 2 and Lz meet in a point, its coordinates are expressible in 

terms of the determinants 


az bz 


az Cz 


b. 

Cz 

az bz\ 

f 

az Cz 

) 

b. 

Cz 


obtained from the coefficients appearing in the equations of L 2 
and Ls. These determinants are the minors of the elements Ci, 
bif and Ui, respectively, in the determinant of the third order 
obtained from the equations in (7) by erasing everything except 
the o’s, 6’s, and c’s. Hence we can express the coordinates 
y^) of the point of intersection of L 2 and Lz as follows: 



where as usual we use Ax to denote the minor of the element ax 
in the determinant D on page 45, and where Cx is supposed not 
zero. 

The three lines are concurrent if the coordinates of the point 
(x\ y') satisfy the equation of Lxy Le., if 

axAx bxBx . ^ 

This equation when multiplied by Cx becomes the equivalent 
equation 

V. €f>xAx — biBx A’ cxCx = 0. (9) 

Now the left member of equation (9) is an expression for the 
value of the determinant whose elements are the coefficients in 
equations (7); hence, the three lines whose equations are a^x + 
+ Ci =s 0 {i = 1, 2, 3) are concurrent if and only if the deter¬ 
minant of the coefficients is zero., i.e. if 


ax 

bi 

Cx 



az 

bt 

C2 

= 0 . 

( 10 ) 

az 

bz 

Cz 
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EXERCISE XDC 


X. Compute the areas of the triangles whose vertices are as follows: 

(a) (1, --2), (3, 1), (0, 4); (b) (0, 0), (1, 1), (-2, 1); 

(c) (-.4, --4), (0, 0), (2, ~2); (rf) (1, 2), (--3, 1), (4, 0); 

(c) (4,2), (2, 1). (~1,3). 

2 . Write in determinantal form the equations of the Hnt^s determhuHl hy 
the following pairs of points: 

(a) (1, ~3), (2,4); (h) (-3, 1), (4,2); 

(c) (0,0), (-2,5); id) (2,0), (0, -6); 

(0 (-2,7), (1, -3). 

8 . W'hich of the following triples of points are collmear? 

(o) (4, 2), (-1, 2), (10, 2); (6) (0, 0), (0, -3), (-2, 1); 

(c) (1, 1), (-3, 2), (4, 1); (d) (I, -3), (2, 5), (3, 13); 

(f) (4,0), (0, -3), (-2, 1). 

4 . Winch of the following triples of lines are concurn'nt? 


(o) 4x — ?/ + 3 “ 0, 

2x -f 3v - I « 0 , 

2x — 4v 5 -= 0; 

(c) X - 2?/ -f 1 - 0, 

2x -f* ?/ — 3 *= 0, 

5x - y - 4 - 0; 


(6) T 4- ?/ - 3 « 0, 

5x 4 7y 1- 10 « 0, 

2x 4- 4v i 19 « 0; 

(d) 3 j 4- - 2 - 0, 

4x 4- V 4" 3 0, 

lOx 4- 32/ 4 4 « 0 


SUMMARY 

Determinants. 

Element. 

Minor. 

Order. 

Rank. 

Properties. 

Simultaneous linear equations. 

Solution by formula. 

Geometrical interpretation for w = 3. 

Some applications of determinants. 

Area of a triangle determined by three points. 
Equation of the line through two points. 
Condition that three points be collinear. 
Condition that three lines be concurrent. 



CHAPTER V 


TRIGONOMETRIC ANALYSIS AND APPLICATIONS 


The four trigonometric functions already studied—sine, 
cosine, tangent, and cotangent—are sufficient for problems of 
computation but, for purposes of analysis and in connection 
with various notions of the calculus, it is convenient to give 
names to the reciprocals of the sine and cosine. These two 
functions, called, respectively, the cosecant and secant functions, 
will be studied in this chapter; also extensive practice is given 
in the manipulation of formulas under the captions of trigono¬ 
metric identities and the solution of trigonometric equations. 
These topics are followed by some applications to the triangle, 
in particular the derivation of area formulas. 


24. The secant and cosecant functions. By definition 

( 1 ) 
(2) 

The graph of the secant function, 2 / = sec can be constructed 
most easily by sketching first the graph of the cosine function 
and using the following properties of reciprocals: 

a. The reciprocal of +1 is +1; that of —1 is —1. 

5. The reciprocal of a positive (negative) number is a positive 
(negative) number. 

c. The reciprocal of a number numerically less than unity 
is numerically greater than unity. 

We conclude, 

a. When cos x — +1 or —1 the same is true of sec x. 

6 . When cos x is positive the same is true of sec x. 

c. No ordinate of t/ = sec x can be less than one unit in length. 

Moreover, when cos x approaches zero, sec x becomes large 
vnthoiU bound. In other words the zeros of cos x are the poles 
of sec x: 


sec 6 = 


CSC e = 


cos e 
1 

sin 6 


X 

r 
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COS {2m + 1)~ s* 0, (m « integer) 

sec (2m + 1)^ « oo. 

The period of the secant is 360® = 2w radians. 

The graph is given in Fig, 18, where the cosine curve is drawn 
very lightly, the asymptotes are dotted, and the heavy curve 
is y = sec x. 



The graph of y = esc x may be drawn by tracing around the 
pattern of the secant curve after it has been moved 90® to the 
right on the j-axis. The zeros of sin x are the poles of esc x; i.e., 

CSC mir == cc. (m = integer) 


EXERCISE XX 


1 . Draw the graph of the cosecant function. 

2 . Write the values of sec x and esc x for x » 0'’, 30'^, 45”, 60°, 90°, 120 °, 
135°, 210°, 225°, 240°, 330°, 570° 

3 . Compute the remaining functions of ^ if ^ sec”^ 3 

4 . Compute the remaining functions of 0 li 0 ^ csc~^ (—2). 

5 . Draw the graphs of y ^ arc sec x and y *= arc esc x. 

6. Draw the graph of i/ = sec 2x; y « esc 3x. 

7. Draw the graph of j/ = sec x + esc x 


25. Derivatives. To compute the derivative of sec x = l/cos x 


we may apply the power formula D; 


u 


This gives 


/>* sec X = Da 
and finally, 

Similarly, 


1 


-Dx cos X 


sin x 

cos X COB^ X~ * COS^ X 

Dx sec X = sec X tan X. 


1 


sm X 


cos X cos X* 

(3) 


Dx CSC Jt = — CSC X cot X. 


(4) 
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The graph in Fig. 18 shows that the secant curve has maximum 
points at ±ir, ±37r, etc., and minimum points at 0, ±2 t, ±47r, 
etc. This should be evident from the derivative of sec rr. The 
derivative, sec x tan x, can be zero only when tan a; = 0 (since 
sec X is never zero), i.e., at a; = wtt. Hence the even multiples 
of T, at which sec x = +1, are minima and the odd multiples 
of TT, at which sec x = — 1, are maxima. 

Similarly the derivative in (4) shows that the maxima and 
minima of the graph of the cosecant function occur at the zeros 
of cot X, viz,, at odd multiples of ir/2. 

There are two additional tngonometric functions which are 
sometimes used for algebraic simplification of certain formulas. 
They are the versed sine and the coversed sine and are defined 
as follows: 

vers X = 1 — cos x, (5) 

covers x = 1 — sin x. 

From the definitions, we get easily 

Djt(vers x) = sin x, 

Z);c(covers x) - - cos x. (6) 

Derivatives of the inverse trigonometric functions. From 
the derivatives of the direct trigonometric functions we can 
obtain the derivatives of the inverse functions. For example, 
to obtain the derivative of 


we write 


y = arc sin x, 
sin y = X 


and differentiate both members of the last equation with respect 
to X. This gives 

cos y D^y = 1, 

7. _ 1 _ 1 

Djft/ — — 'z : .. : . ' . . 

cos y _j ;2 

More generally, if u is a function of x, we write 

DzCarc sin u) = — 7 =i=rX)zU. (7) 

Vl — «* 

From the equation preceding (7) we infer that the derivative of 
y ^ arc sin x is double valued, since for a given x = xo (|xo| < 1) 
there are two values of Vl — * 0 “- This is indeed true. 
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The arc sine function has an infinite num¬ 
ber of real values for any admissible oro. 
These values are the ordinates of the 
points in Fig. 19 where the graph is cut 
by the line x =» Xq. At half of these points 
the sl ope is positive and is equal to 
+l/\/l xo^; at the remaining points 
the sl ope is negative and is equal to 
— l/Vl — ^ 0 ^- Inspection will show that 
for the arc indicated by AOB the slope 
is positive; f.e., the derivative is correctly 
given by use of the positive sign with the 
radical. This part of the graph is called 
the principal value of the arc sine function 
and it is agreed that we shall give 
+ l/\/l — as the derivative of arc sin x 
with the understanding that the formula 
is correct for the principal value of the arc 
sine and that if it be desired to find the 
slope of the tangent to y •=* arc sin x at any 
point not on the arc AOB it can be found by 
reference to the graph. 

The following table shows the derivatives 
of the inverse functions. When the radicals 
are taken with the signs indicated in the table, 
the derivatives are unambiguous as regards 
sign for the principal values indicated. 


r 



Function 

Derivative 

Principal value 

y = arc sin x 

\/l — X* 

-1 

\/i — X* 

2 2/ ^ 2 

y « arc cos x 

0 ^ y 

y ~ arc tan x 

1 

1 4-X* 

IT . -IT 

2 s y ^ 2 

y = arc exit x 

-1 

1 4- X* 

0 s V 

y = arc sec x 

1 

x\/x* — 1 

0 ^ V ^ 

y ^ ATC CSC X 

x\/x^ — 1 

2 ^ y ^ 2 
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The student should sketch the graphs of the inverse trigo¬ 
nometric functions* and keep clearly in mind which portions of 
the curves have been designated as principal values. 

EXERCISE XXI 


1 . Verify the following derivatives. 


(«) 

DJ 

^arc 

sin 


1 

ss 

— Z)» ui 

Q>) 

Dx\ 

^arc cos 

-) = 

~ ^ Dm 'll * 


a/ 

Va’ - 

W* 


a/ 

— w* 

(c) 

D,{ 

f 

^arc 

tan 

t) 

a 

a* 4- w' 

fiai U) 

id) 

I^x\ 

^arc cot 



(e) 

dJ 

^arc 

sec 


__ a 

- Dm U* 

(f) 

DJ 

^arc CSC 

-i = 



o/ 

w\/w* — 

a* 

\J J 

Ux\ 

o/ 

u\'u^ — a* 

ia) 

dJ 

f 

arc 

u\ 
vers -1 

'= 

— Dx u\ 

ih) 

Dxl 

' w\ 

arc covers - 1 

D,u. 

\ 

< 


a/ 

V2aii- 

■w* 

\ 


a/ 

‘\/2aU'-u^ 


2. Find the derivatives of the following functions: 


(a) y « sec* ( 2 x — 1 ). 

Am, 

Z>» 2 / = 4 sec* (2x — 1) tan (2x — 1). 

( 6 ) y « arc sec 3x*. 


Am. DxV — - T=Er”z=:i- 



1 

> 

{c) y tan x cos3x. 

Am. 

—9 tan X sin 3x 4 - 3 cos 3x sec* x. 

1 X* 

(d) y s* -5 arc tan— 7 =* 


A 7 I 18 . — 7=r— ^- 

4 V2 


V2I2 + xM 

(e) 2 / « 4 sin® 4x; 


(f) y - sec X* sm x*; 

(flf) 1 / = 4 cot 3x; 


(h) 7/ = a tali'* bx 


3 . Find the maxima and minima of the following functions. 


(a) y = cos 2x; (b) y = tan (3x 4- 1); 

(c) y = sin X 4- cos x; (d) y — sin* x; 

(e) y — arc cot 3x; (f) y — tan* 3x. 

4 . Show that sin (vers x) — \/2ax — x*. 

6 . Prove the following relations: 

ia) sin (tan”' a) = ± —^ ; (h) cos (sec”' a) — -• 

VT4- a* « 

26. Fundamental relations. From the definitions in terms of 
Xf y, and r of the six trigonometric functions and the relation 
4- 2 /^ = which connects the coordinates of a point P on the 
terminal side of the angle 6, we can write down the following 
fundamental relations of the functions themselves: 

(1) sin* 6 + cos* e = 1, (2) sec* 6 = 1 + tan* 6, 

(3) csc«e = 1 + cot«6, (4) tane = ^ 


Cf, Vol. I, p. 48 
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(5) cote 


COS e 

sin 0 


1 

tane’ 


(7) CSC 6 = 


1 

sine’ 


(9) covers e = 1 — sin 6. 


( 8 ) 

(8) vers 6 =« 1 — cos 0, 


The student should prove relations (2) and (3). Equations 
(8) may be used to express the seven rernaininp: functions in terms 
of any one of them. This can not be done rationally because of 
the three quadratic equations (1), (2), and (3) in (8). An 
example will illustrate. 

Illustrative Example Express the remaining functions in terms of 
sin X 

Solution. For convenience wo use « to designate sin x In the results 
helo^v, the number (7) for example indicates that the result was obtained by 
use of equation (7) in the set of equations labeled (8) The order in which 
the results were obtained is (7), (1), (6), etc. have 

(7) CSC a; ~ (1) cos X - iVl - (b) see x - - 

« ± VI - 

(4) tan X --, (5) cot x « (<)) covers x « 1 — 

± Vi - * 

(8) vers x « 1 + V^I ~ 

While it IS not possible to express the remaining functions 
ralioimlly in terms of one of them, mc/i trigonometric function can 
he expressed rationally m terms of sine and cosine together. This 
IS of considerable importance in the solution of trigonometric 
equations, in reducing identities, and in integrating trigonometric 
functions. 

Illustrative Example, Reduce to an expression involving only sines 
and cosines and simphfy 

ws X_ am X_ 

i — tan X 1 — cot z 


Solution. We have 

cos X , sin X 

1 — ^ I — 

cos X sin X 

— COB* X _ Bin* X 

” cos X sin X sm X — cos x 

cos* X — sin* X 


cos X ~ sin X 


cos X + sin X. 
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EXERCISE XXn 


1 . Express the remaining functions in terms of 

(a) cos x; (h) tan x; (c) sec x; (d) esc x, 

2 . Reduce each of the following to a rational expression involving only 
sines and cosines: 


(a) 2 tan x sec x 
sec ^ 4- CSC ^ 


3 CSC x — sin x: 


ic) 

ie) 


sec e — CSC d* 

sec X + CSC X, 

tan X + cot x' 

/V X , tan X 

(g) cot X 4- i-,-; 

14 - sec X 


(b) tan X tan y (cot x 4- cot y ); 

,tan X 4“ sec a; — 1 
(a) 


(/) 


tan X — sec x 4” 1' 
cos X cot X — sin X tan x 


CSC X — sec X 
(h) 2 vers x — vers* x. 


27. Trigonometric identities. An equation containing trigo¬ 
nometric functions may be an identity; z.e., the two members of 
the equation may be merely two ways of writing the same thing. 
For example, consider the last illustrative example. It shows that 


cos X _ 

1 — tan X 


+ 


sin X 

1 — cot X 


cos X + sin x» 


From the way in which the right-hand member was obtained 
from the \eft-hand member, it is evident that this is indeed an 
identical equation and is, consequently, true for all values of the 
variable x. To prove an identity let us agree to take the left- 
hand member of the given equation and change its form (generally 
by use of equations (8)) until we have put it into the form of the 
right-hand member. 

Illustrative Example 1. Prove the identity ^ 

COS JO X bill JO 

Solution. 


1 4" sin X ( 1 4- sin x)(l — si n x) _ 1 — sin^ x _ cos^ x _ 

cos X ** cos x(l — sin x) cos x(l — sin x) cos x(l — sin x) 


sec* + y) 

Illustrative Example 2. Prove the identity- -z -t-y “ 

2 tan (^ + 24 


Solution. We can change the form of the left member as follows: 

sec* (^ + \x) _j_ ^ 1 ^ 

2 tan (| + 2 ^^ 2 sin (j cos (j sin (^ + 

CSC = sec X. g.e.d. 
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28, Trigonometric equations. A trigonometric equation which 
is not an identical equation expresses a relationship between the 
functions of an angle which is true for certain but not for all 
angles. To solve a trigonometric equation means to find all of 
the values of the variable which render the two members of the 
equation equal. 

Illustrative Example 1 . Solve the equation sm*^?-f2w*2 cosi?. 

Solution. We replace m\*d by 1 --co 8 *<?. obtaining a quadratic 
equation in cos $ which may be factored at sight. Thus 

1 - cos» 0 - 1-2 « 2 cos 0 , 
cos* 0 + 2 cos 0 — 3 =« 0 , 

(cos 0 — l)(eo 8 0 + 3) == 0. 

The product of two factors is zero if either of the factors is zero; hence the 
given equation is satisfied if cos 0 = 1 and if cos 0 = —3. From cos 0 I, 
we have 0 = 2 wir(m, an integer). These arc the only real solutions. 

Illustrative Example 2 . Solve the ecpiation 4 sin 0+3 cos 0 « 3. 

Solution. Let cos 0 be replaced by \/l nin* 0 and let the two members 
(after rearrangement) be squartd to remove radicals. The solution is as 
follows: 

4 sin 0 + 3 \/1 - sin* 0 ~ 3, 

3 \/1 — sin* 0 “ 3 — 4 sin 0 , 

9 9 sin® 0 = 9 — 24 sin 0 + 10 sin* 0 , 

26 sin* 0 ~ 24 sin 0 = 0, 
sin 0(25 sin 0 — 24) = 0. 

The last equation is satisfied if either factor is zero. Hence we have first, 
sin 0 = 0 , .*. 0 = mir; 

s<*cond, 

sin 0 « 0 = 73^74 + mMir and 0 * 100^26 + m.360®. 

It cannot, however, be assumed that every solution of the equation obtained 
by squaring is also a solution of the given equation. (C/. page 43.) Let 
us test the two solutions in turn: 

First, when sin 0=0, cos 0 = 1 or —1 according as m in mw k even or 
odd. The equation 4 sin 0 + 3 cos 0 *= 3 is satisfied for sin 0 « 0, 
cos 0 = +1 but not for sin 0 = 0 , cos 0 = —1. 

Sewnd, when sin 0 ^ or — Hs- The given equation k 

satkfied by sin 0 = ^^ 6,008 0 = — J 2 5 but not by sin 0 « ^^^ 5 , co 8 0 * ^^ 5 . 
Hence the solutions of the given equation are 

0 = 2w7r, and 0 = 100®.26 + m.360®. 

If functions other than sine and cosine appear in a trigonometric 
equation, the student should examine it to see whether the solu¬ 
tion may be obtained easily in terms of one of those functions, 
but if nothing simpler presents itself, an equivalent equation can 
always be found which contains one or both of sin B and cos 6. 
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This equation may be rational in one of these functions as in 
the first illustrative example or it may be necessary to square it 
one or more times before an equation is obtained which is rational 
in one function only. In the latter case, each solution of the 
final equation must be carefully tested in the original equation. 


EXERCISE XXm 


1 . Prove the following trigonometric identities: 


. . tan $ 

(a) -7— = sec 0; 

^ am 0 

(c) cos* xil + tan* x) ^ 

. v 1 4- cos 2A ,. . 
(^) 1—= cot* A; 


ig) tan 


1 — cos 2A 

X 


V1“ 


' sin”"^ x\ 


... sm* X . . . 

(ft) ^„ == 1 — sin* x; 
tan* X 

(d) tan (tan“i 1 4 tan“i 2 4 

tan*"! 3) = 0; 

1 — sin 2x 1 — tan x 


(h) 


cos 2x 


1 4 tan X* 


(i) sec* X 4 CSC* x — sec* x esc* x; 

(J) soc^ a; — 1 “ tan^ x 4 2 tan* x; 

(k) cos A 4 cos 3A 4 cos 5A 4 cos 7A = 4 cos A cos 2A cos 4A; 
(i) cos (A 4 6B) — cos {A — 6B) =: —2 sin A sin 6B; 

(m) (1 4 tan d)(l 4 cot 0) sin 0 cos 0 = 1 4 2 sin 0 cos 0; 

(n) (sin X 4 cos a;)* 4 (sin x — cos x)* = 2; 

(o) sin (sin”^ x 4 sin"^ g) = x\/l — 2/* 4 y\/i — a;*. 

2 * Solve the following trigonometric equations: 


(a) 1 4 tan* 0^4 cos* 0; 

(c) sin a; — cos x ~ 0; 

(e) 2 cos 2/ 4 3 sec 2/ = 5; 

(g) 3 cos a; 4 6 sin X = 4; 

(i) sin* X sec x esc x cos x ^ 
(k) tan 2a; 4 2 sin X ~ 0; 
(m) 2 sin”^ x = 3 cos"^ x; 


(b) 4 see* X — 7 tan* x = 3; 

(d) tan A — sin A ; 

(/) sm X = cos 2x; 

(k) sin* X — cos* X = 0; 

O’) cos X cos 3x = — K ; 

(l) sec* X 4 3 tan* x = 6; 

(n) cot“i X 4 cot*"^ 2x == 37r/4. 


29. Area formulas. When parts which determine a triangle 
are given* we can find a formula for the area of the triangle which 
contains the symbols used to represent the 
given parts. Other interesting area formulas 
involve the radius of the inscribed circle, the 
radius of the circumscribed circle, etc. From 
^^.the formula obtained in elementary geometry, 



Fig. 20. 


VIZ,, 


S - KbA, 


(9) 


where S ~ area of the triangle whose base is 6 and whose altitude 
is h, we obtain and tabulate the various cases, recalling that, when 
*Cf. Vol I, pp. 88f. 
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a formula is obtained, two corresponding formulas are derived 
from it by a cyclic interchange on the letters. This is equivalent 
to a change of lettering in Fig. 20 in which A is replaced by B, B 
by C, C by A, with the corresponding replacements on o, 5, and c. 

I. Given two sides and the included angle. In equation (9) let 
h be replaced by a sin C; the resulting equation in its throe forms 
is 

S = }4ab sin C, 

S=i2^^sini4, (10) 

S = 3 2^0 sin B. 


II. Give7i two angles and the included side. 

asm B 
8mA 

sines; the resulting equation in its three forms is 


In the first equation 


in (10) let b be replaced by - “1*^ obtained from the law of 


- 1 , sm B sin C 

S = qS — . —^ -» 

2 sm i4 

^ 1 , ^ sin C sin ^4 

^ — ~ (}• — ^^—, 
2 sm B 

^ 1 « sin sin B 


( 11 ) 


HI. Given the three sides. The formula desired is obtained 
from certain geometric relations of the parts of Fig. 21 plus 
purely algebraic processes starting with the half-angle formulas 
for sine and cosine (Vol. I, page 102) and using the law of 
cosines (Vol. I, page 86). A new symbol s is introduced. It is 
used to represent one-half of the perimeter of the triangle; z.c., 
2s - a + b + Cy whence 2(^j — a) = 6 + c — a, 2(s — 6) == 
a — 6 + c, and 2(s ~ r) = a + 6 — c. Before the formula for 
the area of the triangle in terms of a, 6, c, and s is obtained, 
formulas in these symbols for the functions of half an angle and 
for the radius of th(‘ inscribed circle are derived. The student 
will be able without explanation to follow the steps in the 
development. 


28m‘ 2 = 1 - eosA = 1- ^ - 


- ( ft - c)« 
26c 


2 cos* "2 * ^ A = 1 -f 


(g -f- 6 -- c){a — 6 -h c) ^ 2(g — c)(8 — 6) ^ 
26c be 

6* 4- c* - fl* (6 4 c)* - g* 


26c 26c 

(0 4-6 4 c)(6 4 r 


o) 2«(» — g) 


26c 


be 
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Therefore, 

il _ ./(. - b)(* - c) 

gta_ _ yj --, 

2 ^ s($ -- a) 

The student should write the corresponding formulas for B/2 and C/2. 

Let us now inscribe a circle in the given triangle. The center 
^ 0 is equidistant from the three 

hence it is on the bisec- 
tors of the three angles. In 
^ ^ radius of the 

^/v inscribed circle and let OBu 

r ^ perpendicular, 

respectively, to CA, AB, and 

V... 2,. ■ BC. 

WehaveCAi - CB^ABi^ 
ACu and BCi — BAi, {The two tangents to a circle from an 
exterior point are equal) 

Hence, 

2CBi + 2ACi + 2CiB = 25, 

CBi + ACi + CiB = 5, 

CBi+ c = 5, {c = ACi + CiB) 

CBi = 5 — c. 

The length of the tangent from the vertex C to the inscribed circle 


By similar argument (also by cyclic interchange of the letters) 
we may write 

ACi == 5 — a, 

BAi — 8 — b. 

In the right triangle CBiO, we have 


tansC =-f 

2 5 — c 


and by cyclic interchange, 


tan = ^ ^ 

2 s - 

tan~it = —^ 
2 s - 
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I n equations (12 ) the value of tan is given as tan HA - 
' -member of this equation is equal to 


«lkM 

4 


^ , Since each expression gives the value of tan From 

this equality, vtz.f 

r __ ks — h){8 — c) 

s — a \ s(8 — a) ^ 

we obtain a formula for r; it is 

,. ( 13 ) 


The area of the triangle ABC, Fig 21, is equal to the sum of the 
areas of the three triangles AOB, BOC, and CO A; viz , y^rc + 
J^ra + Virh = rs. 

S = rs, (14) 

Let the value of r given in (13) bo substituted in (14), the result 

18 

S = Vi(T^a)(s‘^)(s~"c), (15) 

which 18 the desired formula for the area of a triangle in terms of 
its three sides It is a convenient formula for computation, since 
logarithms may be used with it 


EXERCISE XXIV 


1. Compute th< areas of tlu following triangles 


(a) A * 73H()', 

(6) B « 52“2r, 

(C) 

a » 124 6, 

b =- 295 3, 

C - 64^46', 


6 * 140 2, 

c » 209 8, 

a « 146 4, 


c = 186 5; 

(ri) B = 80'’38', 

(e) A = 35*^42', 

(D 

a - 10 82, 

a - 207 4, 

B - 66°30', 


b - 22 66, 

c = 568 8; 

r == 21 13; 


c « 15 44; 

ig) C - 99^43', 

(h) A « 43*^43', 

(t) 

a =» 4371, 

a « 24 88, 

C « 80*^04', 


b « 5540, 

b - 6167; 

b - 8374, 


c * 7269 


2. Compute the radii of the circles inscribed m the triangles m c, /, and 
i in Problem 1 

3. For the triangle determined by a *= 343 7, 6 ~ 166 3, and c 455 1, 
compute tan yA, tan and tan yC 

4. Prove the formula *S » t^/?*(8in 2i4 + sin 2B -f sin 2C) where R is the 
radius of the circumscribed circle 

6. Prove the formula S = abc/AR 

6. Compute R for the triangle m Problem 3. 
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SUMMARY 

Functions. 

Secant, cosecant, versed sine, coversed sine. 

Derivatives. 

Principal value. 

Fundamental relations. 

Trigonometric identities. 

To prove an identity. 

Trigonometric equations. 

To solve an equation. 

Area formulas for a triangle. 

In terms of: 

Base and altitude. 

Two sides and the included angle. 

Two angles and the included side. 

Three sides. 

Radius of the inscribed circle and perimeter of the triangle. 
Additional formulas for a triangle. 

. A 

2 \ be 

A ls{s — a) 

2 = yj—bT- 

^ _ /(® “ “ 0 _ r 

2 V' s(s - a)" s - a 
_ f(s - a)is - b){s - c) 



CHAPTER VI 


THE ELLIPSE 


In previous chapters of the two books in this series studies have 
been made of the graphs and properties of the following kinds of 
functions: 

1. Non-algebraic. 

A . Single valued. 

a. Trigonometric. 

sm Xy cos Xy tan x, cot sec x, esc x, vers x, 
covers x. 

b. Logarithmic, 

log X. 

c. Exponential. 

a^. 

d. Functions whose values are given in tables. 

B, Multiple valued. 

The inverses of the trigonometric functions. 

II. Algebraic. 

A, Single valued. 

а. Polynomial, 

uox” + aix”"** + • • • -f (n an integer ^1). 

б. Rational. 


Ql^) 


where P(x) and Q(x) are polynomials. 


J5. Double valued. 

Circle. 

Center at origin; x^ + 2/^ 

Center at (A, k)] {x — hy + {y — kY — r®. 

In this chapter we shall study a double valued algebraic func¬ 
tion whose graph is called an ellipse. As a preliminary study we 
need to know how to find on the line determined by two points 
Pi and P% the point P for which the ratio P 1 P/P 1 P 2 has a given 
value. 
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30. Division of a line segment. Let P be a point on the line 
which passes through the two points Pi and P2 and let the ratio 
of the segment PiP to the given segment P1P2 be r. The coor¬ 
dinates of P(x, y) can be expressed in terms of r and the coordi¬ 
nates of Pt and P2. In Fig. 22, it is 
^ evident that 

MiM _ PiP _ 

MiMi P1P2 ’’’ 

NiN _ PiP _ 

X N1N2 P1P2 

_ MiM = rMiM 2 = r(x 2 - xi), 

NiN = rNiN2 = r{y2 - ?/i). 

lence, since x = OM = OMi + MiM and y = ON = ONi + 



Hence, since x = OM = OMi + MiM and y = ON = ONi + 
NiNj we have 

X = Xi + r(x2 - xi), (.s 

y == yi + r(ya - yO- ^ ^ 

The point P does not need to have a position between Pi and 
P 2 ; it may be on the extension of the line to the right of P 2 or to 
the left of Pj. In Fig. 23 it is seen that r 
is negative for one of these positions and ^ P 

positive for the other, since in the one case 
PiP and P 1 P 2 have the same sense on the 

line, while in the other case PiP' and P 1 P 2 _A' 

have opposite senses. We conclude: P' 

1. If r is negative, P lies to the left of Fio. 23 . 

Pi, and conversely. 

2. If r is positive and less than unity, P lies between Pi and P 2 , 
and conversely. 

3. If r is positive and greater than unity, P lies to the right of 
Pt, and conversely. 

If Pi and P 2 are interchanged, the above conclusions remain true if the 
words right and left are also interchanged. 

Equations (1) are to be used to determine x and ?/ if Pi, Pt, 
and r are given. Or either of them may be solved for r, thus 
determining the ratio of the two segments PiP and P 1 P 2 when the 
three points are given. 

The point P bisects the segment P 1 P 2 r = For this value 
of r, equations (1) become 
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EXERCISE XXV 

Given ii(0, 0), B{4, 1), C(3, 5), 0(1, ~2): 

(а) Find the lengths of the line segments BC, BO, dC. 

(б) Find the mid points of the line segments ^B, AD, 

(c) Find the points on the line segment BC for which r « 
respectively. 

(d) Find the points on CB for which r « respc^ctivoly. 

(c) Is the triangle ABC a right triangle? 

(f) What is the ratio of AP to 40 if B is the point (3, —6)? 

(g) Find the equations of the three medians of the triangle ABD, Prove 
that they meet in a point. Find the point. 

(h) Prove that the medians of any triangle meet in a point. 

(i) Write the equation of the line joining the mid points of the sides AB 
and BO in the triangle ABD. Prove that this line is parallel to 40. 

O') There are three positions for the point E so that 4, B, O, and E art) 
vertices of a parallelogram; find them. 

(k) Prove that the diagonals of the parallelogram 4 BDE bisect each other. 

(/) The diagonals of any parallelogram bisect each other; prove. 

(m) The altitudes of a triangle meet in a fK)int; find the point. 

(n) Write the equation of the line through B which is parallel to CD; 
put this fjquation into normal form. 



Fig. 24. 


31. The ellipse. If a circular hoop made of fine wire is held in 
various positions under a light the shadow is sometimes circular 
(when?) but more often it is oval shaped and looks as if it were 
made by stretching the circle in opposite 
directions along a diameter (Fig. 24). This 
figure, called an ellipse, is symmetric with 
respect to a point O, called the center, and 
with respect to two of its diameters, viz., 

A'A, called the major diameter and B'B, 
called the minor diameter. All other diam¬ 
eters, as P'OP, are longer than B'B and shorter than A'A; no 
one of them is an axis of symmetry. 

The lines obtained by extending A'A and B'B are called, 
respectively, the major aads and the minor axis of the ellipse. 
The points A' and A are called the vertices of the curve. 

Place the center of the ellipse at the origin of a Cartesian system 
of coordinates and let OA extend along OX. Denote the length 
of A'A by 2a and of B'B by 2b. Referred to the coordinate 
frame described, the equation of the ellipse is 


^4.y' 


1 ; 


(3) 


I'.e., we shall prove that the graph of equation (3) has the proper¬ 
ties of the ellipse described above. 
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Proof, The function y defined by equation (3) is 

h , _ 

y - - xK 

o 

It is a double-valued function of ar, syrnmotne with respect to the av-axis; 
admissible values of x are — o ^ a; ^ o, for all other values of x the values of 
y are imaginary. Each of the values 

h , _ 6 ,_ 

Vi ^ - a**, v% =* 

is a real continuous function of x for admissible values of x. The a;-inter- 
cepts are ± a; the function yx decreases from 5 to 0 as a: increases from 0 to o. 

The student may solve equation (3) for x and state for x conclusions 
analogous to the ones listed for y. The graph is shown in Fig, 25. 

Y 



Fig. 25. 



Let now the |/-axis be the major axis of the ellipse, its equa¬ 
tion is then 




(4) 


and its graph is shown in Fig. 26. In both of the equations (3) 
and (4) the symbol a represents the length of the semi-major 
diameter and h the length of the semi-minor diameter. Inspec¬ 
tion of the equation of an ellipse whose axes of symmetry are 
the coordinate axes shows at once whether the major axis is 
horizontal or vertical. 


EXERCISE XXVI 

By computing a number of points for each curve, make graphs of the 
ellipses whose equations are given below. These graphs should be saved 
for future reference. 


(“>2-5 + 9 


W 9+25 = ': 
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32. Fod. There are two important points within the ellipse 
called the foci. They lie on the major axis and are found by 
striking an arc with center B (or B') and radius o (Figs. 25 and 
26). The arc must cut A^A twice since a is greater than 6. (In 
a circle where a = 6 the two foci fall together at the center.) 

Let the two foci be denoted by C' and C and let c be the length 
of OC, In Fig. 25 the coordinates of C' and C are (—c, 0) and 
(c, 0), respectively; in Fig. 26, they are (0, — c) and (0, c), respec¬ 
tively, In both cases 

c* = a* - b*. (5) 

EXERCISE xxvn 

1. Ill the* graph« in ExiTcise XXV locate the foci and compute their 
eoordinatef? 

2. Write the eciuations and construct the jijraplm of tlie clhpHCS for which 

(a) a = 6, 6 = 2; (h) a ^ t», 6 » 4; (r) a t>, b »* 5; 

(d) a ~ G, 6 ^ 5>^; (e) a ^ G, 5 = (/) a » 4, c « 3; 

(ff) a — Hf c 3; (h) n ~ 8, c — 5; (v) a 8, c « 7. 

Let the major axis extend along the j-axis and loealt' the foci 

33. The string property of the ellipse. Let the ends of a string 
whose length is 2a iinit.s be fastened (say with thumb tacks) 
at two points C' and C whose distance apart is 2c units. With a 
pencil pulling the string taut an ellipse can be traced as in Fig. 25. 
To prove that this is an ellipse we must show that with a suitable 
choice of a frame of reference the coordinates of the general 
point PiXf y) on the curve satisfy equation (3). 

Proof, I^*t the mid jxunt of tlie line segment C'C be the origin 
of coordinates and let O.Y extend along OC, From the construc¬ 
tion, we have, for every p(jint P on the curve, 

CP + CP - 2a. 

The analytical expression for the length of C'P is ^{x +"7)p 
and of CP is \/(x — cp + since the coordinates of C' and C 
are ( — c, 0) and (r, 0), respectively. When these values are 
substituted in the equation C'P — 2a — CPy the result is 
\/(j 4- c)2 + 2/2 ^ 2a ~ \/(j - cp + 
from which (the following steps are self-explanatory): 

{x + cP + ^ 4a^ — 4a \/(x — c)2 + ^^2 ^ (x — cP + y^y 

— cx - a\/(x — cp + y^y (6) 

(a^ — exp = a\x — cp + oV, 

(a^ — c^)x^ + (Py^ a®(a® — c*), 

?! 

a« ^ o* _ c* 


1. 
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Tie lB 0 t equation is ideiitic&l with equAtion (3)^ since fww. (5) 
tre have — cK 


EXERCISE xxvra 

1. Construct with a string the ellipses in Exercise XXVI, using the same 
units as were used before. Compare the two sets of curves. 

2. Construct with a string the ellipses in Exercise XXVII, (a) to (e) 
inclusive. For each of these ellipses the length of the string is 12 but the 
shape of the ellipse changes when the distance between the points C' and C 
changes. 

34. Eccentricity. The shape of an ellipse depends on the 
relative lengths of a and & or of a and c; for example, the two 
ellipses for which a and c have the values a = 6, c = 2 and 
a s= 16, c = 5 have the same shape as can be seen if they are 
constructed with a string. In both cases the ratio of c to a is 
The eccentricity of an ellipse, denoted by the letter c, is defined 
by the equation 



and two ellipses mth the same eccentnetty have the same shape. 

Since, from equation (7), e = \/a^ — b^/ay we see that for 
b 0 the eccentricity e of an ellipse is always less than unity. It 
is zero when and only when a = b, i.e,, when the ellipse is a circle. 

From equation (6) on page 73 can be obtained a simple 
formula for the length of C'P and CP (called the focal radii of 
the point P{x, y)). Let c in the left member be replaced by ae 
(equation 7); then since the radical on the right gives the length 
of CP we get, after dividing both members by o, 

CP ^ a - ex. 

Also, since CT = 2a — CP, we have 

CT = fl + ex, 

i.e., the lengths of the focal radii to the point whose abscissa is x 
are a — ex and a + ex. 

36. Equation of the tangent to an ellipse at a given point. 

The equation of the line which is tangent to an ellipse at the point 
yi) is given by 


V — yi == fn(x - xi), 



Sec. 361 


THE ELLIPSE 


7S 


where m is the value of the ^-derivative at the point. To com!^ 
pute the denvative we differentiate both members of 


- -L 
a2 ^ 6® 


1 


with respect to x and solve for D^y. This gives 

^ “ o> 


0* 6* 
Dxj/ = 


a*y 


The equation of the tangent line at Pj, viz , 


y - y\^ 




( 8 ) 


can be cleared of fractions and simplified in form by replacing 

^2 + by 1, This IS p(»rmissible since Pi is on the ellipse and 

therefore its coordinates must satisfy the equation of the ellipse. 
The result of the simplification gives 


a* > 


-1, 


(9) 


the equation of the line through Pi which ts tangent to the elhpae 
whose equation is (3) 


EXERCISE XXIX 

1. Write the equation of the line through Pi which is tangent to the circle 

X* -f" I/* »= 7*2 

X* V® 

2. Wntc the equations of the tangents to 2 ^ + ^ “ 5 at the following 

points ^), /^(3, - />.(-3, P,(n, 3); P.(-2, 

Constriut the ellijise and make the graphs of the lines whose equations you 
have computed 

3. What 18 the eceentruity of the ellipse in the last problem? 

4. Compute the lengths of the focal radu to /^, P 2 , and P 4 m Problem 4. 

36. Tangents to an ellipse with a given slope. It is evident 
that when a slope is given there will be two of the tangents to a 
given ellipse having this slope. Furthermore, it will be proved 
that parallel tangents touch the ellipse at points which are ends of 
a diamder. 

Let the given slope be denoted by m and let equation (3) be 
the equation of the elhpse. We wish to find two Imes y — 2^1 
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miz — xi), ix.j y — mx yi -- mxi, which are tangent to (3). 
We must therefore find two points (xi, yi) for which we have 
simultaneously 


b^Zi j Xi 

— s m. and 
ci^yi 




+ 


tL 


= 1 . 


When the value of xi obtained from the first equation is substi¬ 
tuted in the second equation, the values of y\ are found to be 

_ d^fYl 

yi = ±— 7 --^==-==r-^; whence = +-- 7 ========-. Thus the two 

\/a^rn^ + b^ Va^rn^ + 

points at which the tangents with slope m touch the ellipse are 

b^ \ , / a^m —b^ 




-7=--7=^~ \andP2 

\/+ 6^ \/+ 6V 


^\/\/+ b^ 


)■ 


The equation of the tangent at the first of these points is found 
to be y -- mx — \/while y — mx — — •%/+ b^ 
is the equation of the tangent at P 2 . 

The two points of tangcncy are symmetric with respect to the 

origin* and are therefore the ends of a diameter, as was asserted. 

— 

The slope of the diameter P 1 P 2 is seen to be -g” > its equation 
-b^ 

IS w = or, 


6 *jc 


a^my ~ 0 . ( 10 ) 

In Fig. 27 the lines Li and L 2 are parallel; their slope is m; hence 

the slope of P 2 Pi is —b^ja^m. 
The equation 

y = mx + \/ a^m'^ + 

is the equation of Li; the equa¬ 
tion y = mx + k where m is the 
(given) slope of Li and where k is 
a parameter is the equation of the 
pencil of lines parallel to Li. For 
suitable values of A:,t these lines 
cut the ellipse in two real distinct points—points which are 
the ends of chords parallel to Li and L 2 . We shall prove that 
each chord of the system of chords with slope m is bisected by the 





Fio. 27. 


* C/. Vol I, p. 188. 

t The values of k for which y ^ mx k cut the ellipse in two distinct 
points are given by — \/ahn,^ -f < A; < \/ahn^ -f 6*. Why? These 
two points are real for every m. 
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diameter PJPi whose slope is — h^fahn; whencej became of symmetry^ 
each chord whose slope is is bisected by the diameter whose 

slope is m. 

Proof. The abscissas of the two points of intersection of the 
line y ^ mx + k with the ellipse (3) are obtained by solving for x 
the equation 

a^^ b^ 1* 

The ordinates of the two points are obtained by substituting in 
the equation y = mx + b the abscissris determined in the last 
equation. The two points are found to be 

— ahnk ± ab\/b^ + -* A*® 

aV + b^ '_ 

h'^k ± amb\/b'^ + ~ k^ 

+ b'^ 

The mid point of the chord whose end points are given by (11) 
/ \ 

is found to be ( o-., , lo^ and it is easily seen that 

\a-nr + tr erm^ + Ir/ 

this point lies on the diameter P 2 P 1 whose equation is given by 
(10), g,e.d. 

The two diameters MM' and with respective slopes m 
and and which have the property just proved, viz.^ that 

each one bisects all of the chords which are parallel to the other 
one, are called conjugate diameters; the systems of chords 
parallel to conjugate diameters are called conjugate systems of 
chords. 

Theorem. Two systems of chords are conjugate if their respective 
slopes are m a7id —h^/a^m. 

EXERCISE XXX 

1. Find the equations of the two lines with slope 3^ which are tangent to 

-f « 1. An^. y =* -f 5 and y « Hx ~ 5. 

2. Find the points at which the tangents in Problem 1 meet the ellipse. 

Ans. 

3. Write the equation of the system of chords with slope 3^. (By equation 
of the system of chords is meant the equation of the Imes obtained by 
extending the chords indefinitely.) 

3!® t/® 

4. Write the equation of the diameter of the ellipse which 

bisects the chords in Problem 3. 

6 . Wnte the equation of the diameter which is conjugate to the diameter 
in Problem 4, 
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6. Do fomolas (10) and (11) hold for the ellipse whose equatioa is 


*• , y* 


1 ? 


t. Given the ellipse whose equation is ~ -f |g = 1. Find the diameter 

which bisects the system of chords whose slope is —2; find the points of 
tangency of the lines with slope —2 which touch the given ellipse. Write 
the equations of the tangent lines. 


37. The reflection property of the ellipse. When a sound wave 
or a light wave strikes a surface, the angle between the direction 
of the wave and the normal* to the surface is 
called the angle of incidence of the wave. After 
meeting the surface, the wave is reflected in a 
direction which makes an angle with the nor¬ 
mal called the angle of reflection. In physics 
it is proved that for a given wave these two 
angles are equal. In the figure the angles of 
incidence and reflection are designated by i 
and r, respectively. The normal at P, the 
point of incidence, is PR, 

The reflection property of the ellipse is expressed by the 
theorem: the two focal radii to P make equal angles with the normal 
atP. 

This means that when a source of light or sound is placed at 
one focus C', the waves meeting the 
are all reflected to C, 

Proof, Let the equation of the ellipse be 

of the tangent at y’) be denoted by 

r, and let the incident ray from C' to P' 
make an angle i with the normal JVP' 

(Fig. 29). Join C to P' and denote the 
angle NP*C by a. If we can prove angle 
€t «» angle t, we shall have proved that 
the ray CP is reflected in the direction 
PC. 

Since each of the angles i and a is an 
acute angle, it is sufficient to prove 
sin a « ain i. 


ellipse at various points P 
^ -b p 1» inclination 


Y 




* The nonnal to a curve at a point P is the line through P which is per¬ 
pendicular to the tangent line at P. All of the lines which are tangent to a 
surface at P lie in a plane called a tangent plane. The normal to a surface 
at a point P is the line through P which is perpendicular to the tangent 
plane at P. 
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From the law of sines we have 


. . C*N , , 
sm 1 sm S 

C*N 

V* 

CN 

y' 

* WP'* 

CP* 

NP* a 4* ex'' 

NC . ^ 

NC 

y* 

NC 

y* 

fan ct ^ sm 0 

“ NP* 

CP* 

~NP'T=^ 


Therefore 

sin I ^ CW g — ex' ^ cj+- ON a — ex* 
sin a NO a ** c — ON a + ex* 


( 12 ) 


The length ON can be computed by finding the absiussa of N^ i.e., the 
x-intercept of the normal NP*. The equation of the normal is 

/ V / 

«-y - 

the x-intercept is found by setting ^ « 0 and solving for x The result is 
c* 

X = -j x' « e*x' « ON. When this value is put in (12) wo get (after replac- 
o 

mg c by ae) 

sin a ae — c*c' o + ex* 

Hence sm t ~ sm a and therefore the ray C'P* is reflectod in the direction 
P'C. g e,d. 


The reflection property of the ellipse furnishes a simple means 
of constructing with ruler and compasses the tangent to a given 
ellipse at an arbitrary point P, We draw the two focal radii C'P 
and CP and bisect the angle C'PC, thus obtaining the normal 
to the curve at P. It only remains to construct the line which is 
perpendicular to the normal NP at P. 

The reflection property of the ellipse is utilized in the con¬ 
struction of ^‘whispering galleries." The gallery has the form of 
an ellipsoid. It has the property that any plane through two 
fixed points C' and C cuts the ellipsoid in an ellipse which has 
C' and C as foci. If a person at one focus drops a pin or whispers, 
the sound waves are all reflected to the other focus and an 
auditor at that point gets a surprising volume of sound. 


EXERCISE XXXI 

1. Construct geometrically the tangent to 4* j « 1 at the point P' 

whose abscissa is 4 and whose ordinate is negative. 

2. Write the equation of the tangent m Problem 1 . 

3. Write the equation of the normal at the same point. 

4. Write the equations of the two focal radii to this point. 

3. Compute the lengths of the two focal radii. What is the sum of the 
lengths? 
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6. Write the equation of the diameter through P', Of its conjugate 
diameter. 

(ji/2 

7. CJonstruct the ellipse whose equation is -g* 4- ^ = 1 and prove the 
following statements: 

(a) The equation of the tangent at (1, — 3) is 3x 2 / ~ 6 = 0. 

(b) The equation of the chords parallol to this tangent is 3x — ?/ + A: “0. 

(c) The diameter which is conjugate to the system of chords in (b) is 
34? -f * 0. 

(d) The equation of the normal at (1, — 3) is or + 3?/ -f 8 = 0. 

8. For the ellipse in the last problem compute sin t where i is the angle 
between C' P and the normal at P(l, ~3). 

8. Write the equations of the focal radii to P(l, —3). 


SUMMARY 


Ellipse. 

Axes. 

Major. 

Minor. 

Center, vertices. 

Foci, focal radii, eccentricity. 

Type form of equation. 

Equation of the tangent at a given point. 
Equation of the tangents with a given slope. 
Conjugate diameters, parallel chords. 

The string property of the ellipse. 

The reflection property of the ellipse. 

Construction of the tangent at a given point. 

Division of a line segment. 



CHAPTER VII 
THE HYPERBOLA 


With a suitable choice of a coordinate frame of reference the 
equation of the hyperbola differs from the equation of the ellipse 
only in the sign of one term. The two curves have many proper¬ 
ties in common, though in other respects they differ widely. 

38, The hyperbola. The graph of the equation 



is called the hyperbola. For every admissible x there arc two 
values of y which are equal in numerical value but are opposite 
in sign. They are 



( 2 ) 


Hence, the x-axis is an axis of symmetry, 
graph lies between the vertical lines 
X = —a and x - a since for —a < 

X < a the radicand in f'quation (2) \ 

is negative. ^ 

For every y there are two values A'{-a,o) 
of x which are numerically equal y 
but opposite in sign. They are 


No real part of the 


= ±a^l 


\B'lo,-b) 




Hence, the y^xis is an axis of symmetry. The intersection of the 
two axes of symmetry is a point of symmetry. This point is 
called the center of the hyperbola. Equation (2) shows that the 

P - , 

positive value of 2/, viz., y = — 1? increases as x increases 

and is continuous. The graph is shown in Fig. 30. The points 
A (a, 0) and A'( — a, 0) are vertices of the hyperbola. They are 
the intersections of the curve with its transverse axis which in 
Fig. 30 is the x-axis. The y-axis here is the second axis of sym¬ 
metry; it is called the conjugate axis. The length of the line 
segment A'A is 2a. The points B{0, b) and J5'(0, —5), though 

81 
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tb6y ar6 not on the curve, play an important part in developing 
the properties of the hyperbola. 

Construct horizontal lines through B and B' and vertical lines 
through A and A'. Let two of the interse ctions b e M and M\ 
m indicated in Fig. 31, where OM = \/a^ + 6^ == OM', the 

slope of OM is ^ and its equation is y ^ the elope of OM' ie 

—^ and its equation is y ^ -~x. With 0 as center and OM as 
Of o 


Y 



radius, strike an arc cutting the 
transverse axis in C' and C. 
These points are the two foci of 
the hyperbola and have properties 
analogous to the ones proved for 
the ellipse. They will be dis¬ 
cussed in later sections. The 
coordinates of C' and C will be 
denoted by (~c, 0) and (c, 0) 
where c is defined by the equation 
ca = a* + bK (3) 


39. The string property of the h 3 rperbola. Fasten thumb tacks 
at C' and C (Fig, 32); tie a thread to a pencil p< 3 int, pass the 
thread around C' and C as indicated in the figure, hold the free 
ends of the thread firmly together at H, 
keep the thread taut at P, and allow H to 
move. As P moves on one branch we have 
always C'P — CP = a constant value, 
while, for the other branch, CP — C'P = 
the same constant value. Let us denote h 
this value by 2a and it can be shown that 
the coordinates of P satisfy equation (1). ^2. 



Proof. For the two branches we have CP — CP + 2a and CP * 
CP - 2a. Let the mid point of the line C'C be the origm of coordmates and 
let OX extend along OC. The lengths CP and CP are, respectively, 
•\/(x -f c)* -f y* and *” c) * -f y*. For the two branches we have 

^ c)* 4- y* « V(af - c)» -h y* ± 2a. 

When this equation is squared, like terms collected, rational terms trans¬ 
posed to the left side qf the equality sign, and both members divided by 4, 
the result is 


— o* *• ±o\/(a; — c)* -h y*] 


(4) 



Sbc* 40} 
whence 


TBM BYPEBBOLA 


83 


c^* - 2a*cx -f *= a^(x - c)* -f c*^*, 
a;*(c* — a*) — aV » o*(c* — a*). 

Let the symbol replace c* - a*. Division by a*6* now gives 



By increasing or decreasing the length 2r (or 26), leaving 2o 
fixed, or by increasing or decreasing 2a, leaving 2r (or 26) fixed, 
the student may construct a number of hyperbolas, noting the 
effect of a change in the constants on the shape of the hyperbola. 
For example, the hyperbola widens if r increases while a remains 
fixed, and it narrows as c decreases. As in the case of the ellipse 
the shape of the hyperbola depends on c/a which again is called 
the eccentricity and is denoted by e. 

c 


Since c is always longer than a, the eccentricity of the hyperbola is 
greater than unity. 

Equation (4) with c replaced by ae becomes 
ex - a = ±CPy 


and since C'P — CP == ± 2a, we have 

ex + a ^ ± CP, 

The student can easily satisfy himself that the upper sign is 
correct in the last two equations if P is on the right-hand branch 
of the hyperbola and the lower sign is correct if P is on the left- 
hand branch. (C/. the proof of the string prd|)erty.) In all 
cases we can make the following statement; the numerical values 
of the lengths of the focal radii from C and C respectively, to ths 
point P are given by \ex — a\ and jex + aj* 

40. Equation of the tangent to a given hyperbola at a given 
point P. By paralleling the computation in Sec. 35, the following 
results are obtained for the hyperbola whole equation is 


r 

6« 


= 1 . 


b^x 


1. The derivative is D^^y = 

a y 

2. The equation of the tangent at Pi{xi, yi) is 

XtX UiV _ . 


rK\ 
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3. The two tangents whose slope is m are given by the equations 
y ^ mx ^ ± y/aW - 6®. (See page 85 in regard to the 
values of m which correspond to real tangents.) 

4, The points at which lines with slope m are tangent to the 
hyperbola are 

( and ( y -^ L \ 

\\/a^^ — \/aW ~ 6v y/aW — &V 


EXERCISE XXXn 

1. Write the equations of the tangents to ^ = 1 at the two points 
whose abscissa is (— 8) 

2. What 18 the eccentricity of the hyperbola in Problem 1? 

8. Compute the lengths of the focal radii to the points in Problem 1 

4. After plotting the hyperbola ^ ~ ^ “ h discuss the effect of inter¬ 
changing and h^. Is the effect similar to that in the case of the ellipse‘s 


41, Conjugate hyperbolas. The equation 



( 6 ) 


differs from equation (1) only in the sign of the constant term. 
The graph of (6) is also a hyperbola; its r-mtercepts are imagi¬ 
nary and its ^-intercepts are real; 
i.e.y its transverse axis is ver¬ 
tical and its conjugate axis is 
horizontal. The graph is shown 
in Fig. 33. The vertices of the 
hyperbola are 5(0,5) and 
5'(0, —b) and the foci C and C' 
lie on the ?/-axi8. They are con¬ 
structed as before by drawing a 
circle whose center is 0 and 
radius OM = Va^ 5^. The 
two hyperbolas whose equations 
are (1) and (6) are called conjugate hyperbolas; the tramverse 
axis of the one is the conjugate axis of the other. We shall continue 
to use the symbol a for ^-intercept in the one case and b for 
^/-intercept in the other (contrary to our usage in the case of 
the ellipse). With this understanding it is clear that the eccen¬ 
tricity of the hyperbola in Fig, 33 is c/b and that certain formulas 
which were established for the ellipse whose transverse axis is 


Y 
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horizontal must appropriately modified before they can he 
applied to the conjugate hyperbola. The results are given below; 
proofs which are not given should be supplied by the student. 

1 . The tangent to the hyperbola whose equation is ( 6 ) at the 

point Pi {xi, 2/0 is ^ ^ = - 1 . 

2. The two lines whose slope is m which are tangent to ( 6 ) are 
the lines whose equations are 

y - mx = ( 7 ) 

whereas it was shown on page 84 that the tangents with slope m 
to the hyperbola whose equation is ( 1 ) are 

y — mx = ±\/ ( 8 ) 
An examination of the radicands in the last two equations shows 
that the lines in equation ( 8 ) are real only when m**-’ is greater than 
while the lines in equation (7) are real only when is less 
than Thus not every number can be the slope of a line 

which is tangent to the hyperbola ^2 ^ likewise, 

not every number can be the slope of a line which is tangent to its 

y- 

conjugate hyperbola, 52 ~ 

The lines whose equations are ^ 2 / “ 

lines for which = h^/a^j have a very special relation to the 
two hyperbolas. They are discussed in the next section. 

42, The asymptotes of the hyperbola. The lines whose equa¬ 
tions are v = and y = intersect at the origin of coordi- 
^ a ^ a 

nates dividing the plane into four parts; two of these parts con¬ 
tain the two branches of the hyperbola whose equation is ( 1 ); 
the remaining two parts contain the two y 
branches of the conjugate hyperbola. There 
is no finite intersection of either line with these 
curves. 

Proof. Because of the symmetry of the 
figures involved, it is only necessary to prove 
the above statement for the part of the 
curve shown in the accompanying figure. Let P with coordinates 
y) be any point on the hyperbola, and let Q be the point on the 

line y = - X whose abscissa is the same as the abscissa of P . The 

(I 
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ordinate of P (RP in Fig. 34) is equal to — 1 and the 

h X 

ordinate of Q is equal to ~ x. It is clear that & • - is greater than 

d Of 

— 1 for all positive values of x greater than a, since 

— 1 is less than -• Hence the hyperbola can never cross 
the line, 

Moreover, the greater the value of x, the smaller becomes the 
difference (PQ in Fig. 3 4) betw een the two ordinates and this 

difference, viz,, — 1 , can be made smaller than any 

previously assigned small positive number by taking x sufficiently 
large. 


-[x - y/x^ - a*] 


.^X -f y/X 


- a-J - -L- - ^ 

and the truth of the statement is evident. 


_ah_ 

X -f y/x^ — a* 


The line 2 / = -x is called an asymptote of the hyperbola and the 
curve is said to approach the line asymptotically. The same line 
is an asymptote of the conjugate hyperbola and the line — ~x 

Of 

is also an asymptote of each of the hyperbolas. 

Consider again equation (8), y — mx - ±y/a^m^ — h ^ 
the equation of the two lines with slope m which are tangent to 
the hyperbola. The ^/-intercepts of these two tangents are 

± y/a^m^ — As w —> 4—, the tz-intercepts approach zero 
and the two tangents have as a limiting position the asymp¬ 
tote —Similarly, as m—> — the y-intercepts 

Of Of 

approach zero and the two tangents have as a limiting position 

the asymptote y + - x = 0. This shows analytically the con- 
o 

elusion which follows from the proof that the curve approaches 
the two lines asymptotically; viz., an asymptote of the hyperbola 
is the limiting position of a tangent line as the point of tangency 
moves to infinity. More briefly, we say the asymptotes are tangent 
to the hyperbola at infinity. 
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In sketching the graph of a hyperbola, only a few points need 
be plotted if the asymptotes are first drawn carefully. The 

single equation ^ — p == 0, which is obtained from equation (1) 

and from equation (6) by replacing the constant in the right 
member by zero, is the equation of the two jisymptotes of the 

two hyperbolas. For the left member of —j - = 0 factors 

into two linear factors ^ | and ^ + | so that the given equation 

may be written 

This equation is satisfied by any pair of numbers (r, y) which 
makes the first factor zero and is satisfied by any pair of numbe'rs 
(Xy y) which make's the second factor zero; r.e., it is satisfied by 
the points on the two asymptotes 

= ()and^ + f = 0. 
ah ah 

j*2 yi 

No point not on one of the asymptotes can make p — p equal 

to zero, since a product cannot be zero unless one of the factors 
is zero. 


EXERCISE XXXin 

1. Draw the graphs of the following hyperbolas and write the equations 
of their asymptotes: 


2 . Draw the graphs of the hyperbolas ^\hK*h are the conjugates of the 
hyperbolas in Problem 1. 

3. Which of the hyperbolas in Problems 1 and 2 have tangents whose 

slope is 8? Wnte the equations of these tangents. 

4. Write the equation of the tangent at (— 4\/5, 10) to the hyperbola 
whose equation is (a) in Problem 1. 

6. Is the line 42 ? + 15y - 80 = 0 tangent to the hyperbola ^ - jg “ i 
If so, where? 

• 2 ?* y* 

6. What is the eccentricity of the hyperbola whose equation ^ ^ fg 

“1? Determine k so that y ^ x + km tangent to the hyperbola. 

Ans, k « ±'v/H* 
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43. Parallel chords. Conjugate diameters. In Fig. 35 the 
lines Li and Li have slope m > b/a and are drawn tangent to the 

hyperbola whose equation ^ ^ 1- Of the lines with this 

slope, viz.y y = mx + ky some cut 
the right-hand branch of the 
hyperbola in two distinct points, 
some cut the left-hand branch in 
two distinct points, while some have 
no real intersections with the curve. 
The segments of those lines actually 
intersecting the hyperbola, as M'M, 
S'Sy . . . , are called chords of 
the hyperbola. 



Fig. 35. 


The equation of the diameter P 2 OP 1 is 


b^x — flamy = 0 (9) 

and its slope is b^fa^m, (Cf. equation (10) on page 76.) It can 
be shown that if the diameter is extended it meets each of 
the chords whose slope is m at its midpoint. From the symmetry 
of the figure the chords whose slope is b^ja^my i.e,y the chords of 

the conjugate hyperbola, which are parallel 

to P 2 P 1 are bisected by the diameter of the conjugate hyperbola 
whose slope is m. Thus m and b^/a^m are slopes of conjugate 
systems of parallel chords and the diameters with these slopes are 

called conjugate diameters. 


EXERCISE XXXIV 


1. For the hyperbola Jg ^ ~ the equations of the two tangents 

with slope in =* 

2. Find the equation of the diameter of the hyperbola in Problem 1 which 
bisects the system of chords with slope m == 

8 . Find the equation of the diameter which is conjugate to the diameter 
in the last problem. 

3 j2 yi ✓ 52\ 

4. Find the equation of the tangent —latf—12, 

2 /* 


25 16 


6 . Find the equation of the tangent to the lower branch of ^ ~ ~ 1 

which is parallel to the tangent in the last problem. 

6 . Write the equations of two conjugate diameters of fg ~ 

and ^ ^ “ — 1 if the slope of one of the diameters is — g* 
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44. The reflection property of tiie hyperbola* The reflection 
property of the hyperbola is expressed by the theorem: the two 
focal radii drawn to any point P on a hyperbola make equal anglee 
wUh the tangent at P, 


Proof In Fig 36, P{x\ y*) is a point on the hyperbola whose equation is 

yt 

^ « 1 , the inolmations of the focal radu 
o* 0* 

CP* and C*P* are denotcnl V>y 7 and 5, respectivolv; 
the tangent P*L at P* makes angles oe and y with the 
focal radu iis indicated in the drawing, and the 
inclination of P*L is t We wish to prove angle a 
equal to angle d 

Hince each of the angles a and is an acute 
angle, it is sufficient to prove* wn a « sin 0 
From the law of sines we have 

RC RC y* 

RP' ^ “ RP' CP' “ 

RC v'_. 

RP' a - eP' 

C'R <"R y' C'R 

RP' “ RP' c'P' “ RP' -{ex' + a) 


8 in a 


sin 0 



Therefore, 

mx\ a ^ RC — {ex* -j- «) _ + RO ex* 4- a 

sin 0 C'R a — ex* c — RO ex' — a 


( 10 ) 


The length RO < an h< (oinpuUMl by finding the ahw issa of R, the aMUtercept 

x'X If 1/ a® 

of PL The equation of PL is x-interecpt is x « 

Hence RO —OR «= —and c RO = (if — ^ while 

X XX 

(l2 (I (ex' “1“ o) 

c ~ RO = ac + , « — , - When these values are substituted m 

X X 


equation ( 10 ), the result is J 1 

EXERCISE XXXV 


q ed 


1 . Describe a method of constructing with ruler and compassc^s the 
tangent to a hyperbola at a given point 

2 . Construct the tangents to the hyperbola ^15 ^ » I at the points 

(5, 2) and (5, — 2 ) Find the lengths of the focal radu to the point (5, —2) 
8 . Devise a method of constructing the diameter of a hyperbola which is 
conjugate to a given diameter 

4. Use the method of Problem 3 to construct the diameter of — 

2/^ 

= 1 which IS conjugate to the diameter of Jqq * *■'1 and whose 
2 

slope IS « Wnte the equations of all of the hnes used m the construction, 
o 
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40 * The rectangular hyperbola. When a and h are equal, 
the equations of the two conjugate hyperbolas are = o* 

and ^ For the hyperbola whose equation is 

ip* ~ ss we note the following: 

1. The ^-intercepts are ±a. 

2. The asymptotes, y — ±x, are mutually perpendicular. 

3. The foci are C(a\/2, 0) and C'(-a^/2, 0). 

4. The eccentricity is equal to \/2- 

5. The equation of the tangent at (ri, yi) is 

xix ~ yiy = a^. 

The given hyperbola is congruent to its conjugate. These 
hyperbolas are called rectangular h 3 rperbolas and are also called 
equilateral hyperbolas. 


46. Ellipses and hyperbolas with centers not at the origin. 

Let the center of an ellipse be at the 
point (hy k) and let its axes be parallel 
to the X- and ly-axes as in Fig. 37. 
The equations of the two axes of the 
ellipse are x = h and y = k. The 
foci are C'(h — c, k) and C{h + c, k). 
By the string property of the ellipse 
we have C'P + CP = 2a for every 
point P on the ellipse. Now the ana¬ 
lytical expression for C'P + CP =2a 
is obtained from the one in Sec. 33 by 
replacing xhy x — k and yhyy — ksit 
every step in the ana lysis; m,, C/P = ^ {y — ky 

and CP = ~ h — r)-* + {y — ky. Hence the equation of 

the ellipse is 



(X 


hy , {y 
. ^ 


ky 




= 1 , 


( 11 ) 


and the tangent at PiC^i, iji) is 

{xi ~ h){x - h) , (pi ~ k){y - k) , 

+ yi - = 1 - 

Similarly, if the hyperbola has its center at {h, k) and its axes 
are parallel to the axes of coordinates, its equation is 

(x-^h)* iv-ky . 
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or 


(X ^ hY (y ~ kY 

a* 5* 


(13) 


47. The latus rectum. A chord of an ellipse which passes 
through a focus and is perpendicular to the major axis is called a 
latus rectum. The length of a latus rectum is easily found by 
solving simultaneously wiih the ellipse the line through a focus 
which is perpendicular to the major axis. If a is greater than h 

X“ 

in the ellipse “2 + 52 ~ 1 > under discussion is given by 

the equation x = c. It cuts the ellipse at two points whose 
ordinates are b^/a and —b^fay respectively. Hence the length 
of this latus rectum is 2b’^/a. Obviously, the latus rectum through 
C* is equal in length to the one through C. 

The same result is obtained by solving the equation y ^ c 

simultaneously with p + ^ = 1 (« > ^). 

A latus rectum of a hyperbola is the chord through a focus 
which is perpendicular to the transverse axis. 


EXERCISE XXXVI 

X® J/'* 

1. Compute the hmgth of a latus r(‘ctuin of the hyperbola ““j ^ 1 

and of its conjugate hyperbola. 

2 . Compute the length of a latus rectum of an e(iuilateral hyperbola. 

3 . Write the equations of the following ellipses: 

(а) Center at (2, 1), major diameter =* 5, minor diamc'ter == 2; the major 
axis is horizontal. 

(б) Center at (—2, 3), major diameter = 3, minor diameter - 1; the 
major axis is vertical. 

(c) Center at ( — 1, —4), major diameter = 4, minor diameter — 2 
There are two solutions. 

4 . Locate the foci and compute the length of a latus. rectum of the 
ellipses in Problem 3. 

6. Write the equations of the following hyperbolas: 

(а) Center at (2, 1), transverse diameter — 5, conjugate diameter =« 2; 
the transverse axis is horizontal. 

(б) Center at (—2, 3), transverse diameter — 3, conjugate diameter « 1; 
the transverse axis vertical. 

(c) Center at ( — 1, —4), transverse diameter *= 4, conjugate diameter = 2. 

6. Locate the foci and compute the length of a latus rectum for each of 
the hyperbolas in Problem 5. 

7 . Prove that the distance of any point of the rectangular hyperbola 
from the center is a mean proportional between the distances from this 
point to the foci of the hyperbola. 
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8- Fmd the equations of the following hyperbolas 

(a) Transverse diameter = H, foci (-“2, 0) and (10, 0) 

Am 3{x - 4)2 - 2 /* « 27. 

(b) Conjugate diameter = 2, foci (0, 0) and (-4, 0) 

(c) Transverse dmimkr - 4, foci (1, 3) and (—4, 3) 

0. Fmd the equation of the hyperbola whose eccentricity is 3 and whose 
latus rectum is 32 cm m length 

10 , Prove the follow mg properties of hyperbolas 

(a) The distance from an asymptote of a hyperbola to either focus is 
numerically equal to b 

(b) The product of the distances from the asymptotes to any point on 
the hyperbola is constant 

(c) The point of contact of a tangent to a hyperbola is midway between 
the points m which the tangent meets the asymptot(*s 

(fi) The area of the triangle formed by a tangent to a hyperbola and the 
asymptote's is constant 


SUMMARY 


Hyperbola. 

Axes 

Transverse. 

Conjugate 
Center, vertices 
Foci, focal radii, eccentricity 
Type form of equation 
Equation of the tangent at a given point 
Equation of the tangents with a given slope 
Conditions for reality 
Asymptotes 

Conjugate diameters, parallel chords 
The string property of the hyperbola 
The reflection property of the hyperbola 
Construction of the tangent at a given point 
The rectangular hyperbola 


The ellipse and hyperbola with center at (/i, k) 
Type forms of equations 
Equations of tangents at given points. 

The latus rectum. 



CHAPTER VIII 


THE PARABOLA. CONIC SECTIONS 


In Chap. XII of the first volume of this series a study was 
made of the quadratic function y = ax^ + 6a: + c, whose graph 
is a parabola with a vertical line as axis of symmetry. In this 
chapter we shall study the forms of equations whose graphs are 
parabolas with horizontal axes. This will be followed by 
some general definitions of conics and the proof that the type of a 
conic is determinable from certain analytical criteria. 


48. The parabola. For greater convenience we make a change 
in notation; instead of designating parabolas with vertical axis 
and with vertex at (0, 0) and at (6, k) respectively by y = ax^ 
and y — k = a(x — hy let us use 

4/>y = X* (1) 

and 

^Piy - ft) = (X ~ ft)» (2) 


as type forms for the parabolas named. It is clear that this 
entails no loss of generality, since we are merely using the symbol 
p to replace l/4a. 

In both cases the parabola is concave upward if p is positive 
and concave downward if p is negative. The respective deriva- 

X X — h 
tives are ^ and —f. - 

2p 2p 

Ijet the variables x and y and the parameters h and k be inter¬ 
changed in the two equations; i.e., consider the two double-valued 
functions of x defined by 


= 


4px 


and 


{y ~ ft)* = ^p{x - ft). 


(3) 

(4) 


The graphs will again be parabolas; the axis of (3) is the x-axis, 
the axis of (4) is the line y — k\ the respective vertices are at 

2p 2p 

(0, 0) and (ft, k ); the derivatives are — and --r* It is clear that 

y y K> 

the derivatives cannot be expressed as functions of x alone with- 

93 
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out the use of radicals, since for each x there are two points on the 
curve; hence there must be two values of the derivative in general 
for a given x. The equations show that for a given y there is 
only one x; hence the derivative is 
expressible as a single-valued function 
of y. 

The graph of 4px = yKv = 1) is given 
^ in Fig. 38. 

The equation of the line which is tan¬ 
gent to the graph of equation (3) at 
Pi(xi, iji) is 

yiy = 2/>(x + xi). (5) 

The x-intcrcept of this line is x = — Xj, 
an equality which says that the abscissa of the x-^intercept of a 
line which is tangent to the parabola whose equation is y^ = 4px is 
the negative of the abscissa of the point of tangency. 

The student should make the corresponding statement about 
the tangent to the parabolas {y ~ ky = 4p(x — h) and 4p(y — fc) 
« [x — hy and should show how this property furnishes a simple 
and accurate method of constructing with ruler and compasses a 
tangent to a given parabola at any point. 

49. The reflection property of the parabola. In Fig. 39, TO 
is equal to the abscissa of Pi and, consequently, PiT is tangent to 
y 2 -K Pj. j ijjjp PjP ig drawn parallel to OX ; the inclina¬ 

tion of PiT is denoted by r; hence the angle RPiS is equal to t. 
Let the angle TPiF be constructed 
equal to r; then a ray of light HPi is 
reflected to F. We shall compute 
the abscissa of F and show that it 
does not depend on the position of 
Pi,* i.e., all rays which are parallel to 
the axis of the parabola are reflected to 
a single point F on the axis. A 
second way of expressing this import¬ 
ant property of the point F is this: 
the rays of light from a source at F 
will be reflected by the parabola in 
lines parallel to the axis of the parabola. A similar statement is 
true for a source of sound at F. To the point F is given the 
name focus. 



Y 



Fiy 38 
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This property is utilized in the construction of I'eflecting 
telescopes. The mirror has the shape of a paraboloid of revolu¬ 
tion; if.e., every plane section through the axis of the telescope 
cuts the mirror in a parabola with the same point F as the focus. 
The rays of light from a distant star are essentially parallel; 
hence they are all reflected to the point F. 

Proof of the reflection propertij. The inclination of FPi is equal 
to 2t; hence the slope of FPi and the equation of FPi can be 
computed in terms of the derivative of y with respect to a:. We 
have 

fon 2 t = ^ ^ ^ yi 

1 — tan^ T ^ — ip^ Xi p 

The equation of FPi is 

y -Vi = 

The abscissa of F is found by setting ?/ = 0 in the last equation 
and solving for x; the result is a* = p = constant. Hence F is a 
fixed point on the axis of the parabola. q.e.d. 

Note 1. The distance from the vertex to the focus of a parabola is one- 
foiirt.h of the constant in the equation ip = 4px. 

Note 2. The length of FFi = the length of TF — Xi + p; f.e., the length 
of the focal radius to any point P is equal to p + x where x is the abscissa 
of P. 

Let the line D'D whose equation is x = —p be constructed 
(in Fig. 39, p = }i) and let NP^ be perpendicular to this line 
which is called the directrix of the parabola. Then NPi == 
p Xi = FPi. Therefore, an arbitrary point P on a parabola is 
equidistant from the focus and from the directrix of the parabola. 

EXERCISE XXXVII 

1 . Find the equations of the tangents to the following parabolas at the 
points indicated. Draw the graphs. Locate the foci and write the equa¬ 
tions of the directrices. 

(a) 2/2 - 4x, (1, -2); {h) = ~2x, (-2, 2); 

(c) 2/2 ^ (2, 4); id) = ~9x, (-1, -3); 

(e) Ay * (2, 1); (/) -16p = x*, (4, ~1). 

2. Compute the length of the latus rectum of each of the parabolas in 

Problem 1. 
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8« Compute the distances of the given, points from the respective foci, 
4. Show that the coordinates of the focus of the parabola whose equation 
is A'pix - h) ^ {y - ky are {h p, k) and the equation of the directrix 

is X * ft — p, 

0« Find the (XKirdmates of the focus and the equation of the directrix of 
the paraliola whose equation is 4p(p — k) - {x — hy. 

6. Show that the equation of the tangent at Pi to the parabola in Problem 
4 is 


V - Vi 


3/1 - ^ 


7 . Find the equations of the tangents to the following parabolas at the 
points indicated Draw the graphs. Locate the foci and write the equii- 
tions of the din'ctnec's. 


(a) ^{y - 3) « (x + l)^ (-5, 5); (6) to + 1) - 5-2, (-2, 3); 

(c) -2y « (r -h 2)^ (2, -8); (d) 4(r + 3) = to - (-2, 3). 


8 . P'ind the lengths of the focal radii of the points in the last problem. 


60. Directrices of ellipse and hj/perbola. In the last section 
it was shown that, associated with the focus of a parabola is a 
line, the directrix, which is perpendicular to the axis of the 
parabola and is 2p units from the focus. 

The question arises as to whether there arc directrices associ¬ 
ated with the foci of the ellipse and of the hyperbola. It can be 
shown that there are such lines and that they have the property 
that the ratio of the didance of a point P on the curve from a focus 
to its distance from the corresponding directrix ts e, the eccentricity. 
Since for the ellipse e is less than unity and for the hyperbola e is 

greater than unity, it follows 
that a point on an ellipse lies 
nearer to the focus than to the 
corresponding directrix, while for 
a hyperbola the contrary state¬ 
ment holds. 

The position of the directrix 
which is associated with the focus 
C(r, 0 ) of the ellipse in Fig. 40 
will be ascertained in three steps. 

1 . The point H on the x-axis is located to satisfy CAjAU = e. 

2. A line is drawn through E perpendicular to the major axis 
of the ellipse. This line is Z)'2) and is called the directrix. 

3. It is proved that CPjPN = e, where P is any point on the 
ellipse and PN is the distance from P to D'Z). 
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Proof. 1. The len^hs of CA and AH are, rospeetivelv, a — c »» o — ae 

_ 

and a: — a. The equation = e becomes ■ » e, from which 

a 

X — 

e 

2. The equation of D'D is x = a/e. 

3. Let P(x, y) be any point on the ellipse Then CP ^ a - ex and PN « 

a/e — X. The value of CP/PN is thus equal to e. g.e.d. 

Associated with the focus C' (— r, 0) in Fig. 40 is the directrix 
Z>"jD whose equation is x = —a/e. The student should prove 
that C'P/N'P = c. 

In the same way the two directrices of the hyperbola ^ 2 ~ ^ 

a — a 

are the two lines ^ ^ ^ Since for the hyperbola 

c > 1 the number a/e is smaller than a, the directrices of the 
hyperbola lie between the center and the respective vertices. 
The proof that CP/PN = CP/NT - e, where N and A' are 
defined as in Fig. 40, is made as in the case of the ellipse. 

In both of these cases we have chosen a simple type form of 
equation for the curve under consideration. If the center is 
not at the origin or if the major axis of the ellipse is vertical, 
the analytical statement of the equations of the directrices will 
change. In all cases the student should remember the positions 
of foci and directrices by distances from the center or from the 
vertex j not by coordinates and equations. It will then be easy 
to sketch the directrices of an ellipse, hyperbola, or parabola, 
regardless of the orientation of the curve with respect to the 
axes of coordinates. 


EXERCISE XXXVra 

1 . Sketch the following curves showing foci and directrices. Write the 
coordinates of the foci and the equations of the directrices. 

(a) 16x2 + 91/2 « 144. (/) 16x2 ~ 252/2 = -400; 

( b ) x2 -f- 2x -f 42/2 — 42/ - IS; (p) x2 + 2x — — 422 = 16; 

(c) 16x2 H- 252/2 - 400; (h) Ox* - 36x - 252/* - bOy * 214; 

(d) 9x2 _ 36a; + 252/2 + bOy - 164; (t) 4x2 4 . ^ 25. 

(e) 16x2 - 92/2 = 144; 

61. Conic sections. The relations of ellipse, parabola, and 
hyperbola to foci and directrices which have been developed in the 
last sections suggest that the three curves might have been defined 
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In tbe beginninK by means of this relationship; viz,j the locus of 
the poifd P which moves so that CP/NP == (e, a positive number) y 
where C is a fixed point and NP is the numerical value of the distance 
from P to a fixed lincy is an elhpsey paraboloy or hyperbola according 
us e, is less thauy equal tOy or greater than unity. 

Let there be given a fixed point C and a fixed line D'D (Fig. 41). 
An equation containing e will be derived which, on varying e, 



Flu 41 


represents all of the curves mentioned in the 
last paragraph. 

The fixed line D'D is taken as the i/-axis of 
coordinates; the line through the fixed point C 
perpendicular to D'D is taken as the a:-axis. 
The length of P C is denoted by 2p, Then the 
length of CP is \/{x -- 2p)^ -f y^ and the length 
of NP is X. Since P is a point whose coordi¬ 


nates satisfy the condition CP/NP = e or CP = <? • NP, the locus 
of P is the curve whose equation is 


\/ix — 2pP + y^ = exy 

or 

{X — 2p)^ + t/2 ^ ^2^.2^ 

or, finally, 

x*(l - e») ~ + y* + 4/^* - 0. (6) 


l^or e 1 it is clear that equation (6) is the equation of a 
parabola whose vertex is at the point whose coordinates are 
(p, 0), and whose focus and directrix are C and P'P, respectively. 

For e 9^ I y equation (6) may, by completing the square of the 
terms in x be put into the form 


(x ~ V ^ I'* - 4 ^ 2 ^* 

y 1 - eV + 


(7) 


From equation (7) the following conclusions are drawn; 

1. When e is less than 1 and not zero, the graph of the equation 
18 on ellipse whose center is on the a:-axis. 

2. When c is greater than 1, the coefficient of tP is negative and 
smce the nght member is always positive, the graph of the equa^ 
tion IS a hyperbola. 


In both cases C is a focus and D'D 
the curve. 


is the associated directrix of 


3. When e approaches zero, equation (6) approaches {x ~ 2p) ^ +• 
y - 0, an equation which is satisfied by only one real point, 
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(2p, 0). This equation is called the equation of the nuU-circle;^ 
it is the limiting case of the ellipse. An ellipse with a very small 
eccentricity differs little from a circle. An ellipse 
with eccentricity almost equal to unity is narrow in 
comparison with its length. The limiting case is 
the parabola for which the eccentricity is unity. 

Sections of a cone. Parabolas, circles, ellipses, 
and hyperbolas may be obtained geometrically as plane 
sections of a right circular cone with two nappes. Ivet 
Q be the vertex of such a cone and let the axis of the 
cone be denoted by R'R (Fig. 42). The angle a 
whose tangent is TS/TQ is one-half of the vertex 
angle of the cone. We tabulate the various curves, 
called conic sections, or merely conics, which are 
obtained as sections of the cone with a plane. 



The piano 

The conic 

8(*CtlOll 

Degenerate cases 

Is perpendicular to 
R'R 

Circle 

Null-circle or point-circle if the 
plane passes through Q 

Makes an acute angle 
greater than a with 
R'R 

Elhpse 

Pomt-elhpse if the plane passes 
through Q 

Makes an angle equal 
to a with R'R 

Parabola 

i 

Element of the cone counted twice, 

7 c, a double line, if the plane 
passes through Q 

Makes an angle less 
than a with R'R 

Hyperbola 

Two intersecting lines if the plane 
passes through Q 


The four curves which are named in the middle column of 
the above table are called proper conic sections and also non¬ 
degenerate conic sections; the degenerate conic sections are 
in the last column. With suitable choice of a coordinate system 
in the intersecting plane, the equations of the degenerate conics 
are as follows: 

Point-circle • • • x* + y* = 0, 

Point-ellipse • • • ax® + = 0, {ay^ b) a and b both 

positive), 

Double line • • • y® = 0, 

* The null-circle is the only circle whose equation can be referred to the 
frame of reference which we are using here, %.e., a frame in which the i^-^axis 
is directrix. 
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Two intersecting lines • • • — fry* == 0, (a and 6 both 

positive), 

Two parallel lines - • • jc* — a* = 0. 

The last is a limiting case when Q moves off to infinity and the cone 
becomes a cylinder. 

52. Conics; analytical criteria. In the last section we estab¬ 
lished geometrical criteria by means of which we may determine 
the nature or type of a conic section; the type of the conic depends 
on the angle between the axis and the intersecting plane, the 
conic is degenerate if the plane passes through Q, otherwise it is 
a non-degenerate or proper conic. 

In this section will be established for certain cases analytical 
criteria for determining whether or not a conic is degenerate. 
Later (Chap. IX) more general criteria can be developed. We 
shall there find an analytical condition for degeneracy and 
another condition by use of which it can be told by inspection 
whether a conic under discussion is elliptic, parabolic, or hyper¬ 
bolic in type. 

Theorem. The equation in rectangular coordinates of any 
{proper or degenerate) conic is an equation of the second degree 
and the graph of any second-degree equation in x and y is a conic. 

The first statement in the theorem needs no proof. From 
time to time we have studied the equations and constructed 
the graphs of the various types of conics. In all cases the 
frame of reference has been so chosen that an axis of the (non- 
degenerate) conic has been coincident with or parallel to a 
coordinate axis. When this is the situation we can say that a 
real non-degenerate conic section has an equation of the type 
of (8); viz,, 

ax^ + by^ + 2gx + 2fy + c==0, (8) 

where a and h are not simultaneously zero. The equations 
of the degenerate conic sections are tabulated at the end of 
Sec. 52; each of them is included among the totality of equations 
given in (8). 

It will be shown in Secs. 55 to 57 that when the coordinate 
axes are oblique to the axis or axes of the conic, the equation 
of the latter is of the form of equation (9); viz., 

ox* + 2hxy + + 2gx + 2/y + c = 0. (9) 

In Sec. 57 will be presented a method of rotating the coordinate 
axes until they take a position in which one at least is parallel 
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to an axis of the conic. The effect on equation (9) is to make 
the ary-term disappear, (its coefficient becomes zero), leaving 
an equation of the form of (8), Hence equation (9) cannot 
represent any type of conic which is not representable by equation 
( 8 ). 

To ascertain the type of conic represented by equation (8), 
we complete the square of the terms in a*, if a is not zero, and of 
the terms in y, if 6 is not zero. One of the three following forms 
will be obtained. 

(a) a(x - hr + hiy - ky = K, 

(b) a{x - hy + 2fy = K, (10) 

(c) 2gx + 6(y - A:)2 = K. 

The symbols hy k,f, y, K may have any real values, zero included; 
the symbols a and b have any real values other than zero. It is 
evident that 10b and 10, are of the same type. The table which 
follows exhibits the various cases which may arise. 


Equation j 

K ^ 0 

K « 0 


a and b have like 

Ellipse* 

Point-ellipse 


signs 



10„ 

0 and h have unlike 

Hyperbola 

2 intersecting lines 


signs 

1 



a — h 

Circle* 

Point-circle 

10^. 

f ^0 

Parabola 

Parabola 


/ = 0 

2 parallel lines 

2 coincident lines 


* When a and K have hko signs, the curve is ri*al, other^vise, it is imaginary 


EXERCISE XXXIX 

Reduce each of the following equations to one of the type forms in equa¬ 
tions (10). Interpret. 

(а) 3y2 + 16a; - - 1 - 0; 

(б) 5 x ^ + 30a; - 22/ + 45 = 0; 

(c) 9 x ^ - 2/2 ^ 82/ - 16 = 0; 

(d) 16x2 - 92/2 = 0; 

(e) 16x2 - 92/2 = -25; 

(/) x2 + 9y2 + 2x + 62/ + 9 - 0; 

(fir) 5x2 4. 9^2 4. lox 4- 6^ -f 8 - 0; 

(h) x2 - 4x 4- y* + 82/ + 20 « 0. 

53. Poles and polars with respect to a conic. When the 
various conics have been studied in type form, it has been shown 
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that the equation of the tangent at the point P'(x\ y') is obtained 
from the equation of the conic by replacing by x'x, by y'y, 
^ by fl-iid y by %{y + y')* It will now be shown that 

this replacement gives the tangent to the general conic at P' if 
in addition we replace xy by Miy'x + x'y). 

Proof, Let the equation of the conic be ax^ + 2hxy + hy^ + 
2gx + 2fy + c When this equation is differentiated with 

respect to x and solved for Dxy the result is 


ax + hy + g 
hx + by + 


The equation of the tangent at P' is 

, —ax' — hy' — g 

y-y --h7-+Ty'-+T 


{X - X'), 


which, after clearing of fractions and rearranging terms, becomes 


ax'x + h{y'x + x'y) + hy'y + gr + /?/ = 

ax^^ + 2hx'y' + by^^ + gx' + fy'. 

Since P' is on the conic its coordinates satisfy the given equa¬ 
tion ; hence the right member of the last equation can be replaced 
by —gx' — fy' —c. When these terms are transposed to the 
left member the equation of the tangent at P' may be written 

ax'x + hiy'x + x'y) + by'y + g{x + x') + f{y + y') + c = 0. (11) 

q.e,d. 

Let P'(x', y') be a point which is not on the given conic and 
consider equation (11) in which the coordinates of P' appear. 
It is the equation of a line which is called the polar of P' with 
respect to the conic. The point P' is called the pole of the line 
with respect to the conic. 

Thus, when a conic is given, for every point in the plane (except 
the center of the conic) there is a polar line and for every line in 
the plane there is a pole. Furthermore, if P' is not on the conic 
it is not on its polar line. This is easily seen by substituting 
the coordinates of P' in equation (11); the coordinates do not 
satisfy the equation. If P' is on the conic, its polar line is the 
tangent to the conic at P', 


64. Properties of poles and polars. 1. If P" is on the polar 
of P' with respect to a conic, then P' is on the polar of P" with 
i^pect to the conic. 
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Proof. If P" is on the polar of P', equation (11) is satisfied 
when X and y are replaced by ar" and y"; t.e., ax'x*' + h{y*x** + 
+ * • • - 0. Now write out the polar of P"; the first 
terms are ax'^x + + x**y) +•••=« 0. 

Replace x and y by x' and y' and the result is precisely that 
which was obtained before; viz.y ox!'x* + + y'x") + 

* * * = 0 . q.e.d. 

2 . If P' is outside of the conic, its polar cuts the conic in two 
real points each of which has the property that when it is joined 
to P' the line thus determined is tangent to the conic. 

Proof. From any point P' we know that two real tangents 
can be drawn to the conic. Denote the points of tangency by 
Q and R. Then the tangent at Q is the polar of Q with respect to 
the conic and the tangent at R is the polar by R with respect 
to the conic. But P' is on the polar of Q and P' is on the polar 
of R] consequently, Q and R are on the polar of P\ The real 
points Q and R then are the points of intersection of the polar 
of P' with respect to the conic, as was asserted. q.e.d. 

3. If a line cuts the conic in two real points Q and R, the pole 
of the line is outside the conic and is the point of intersection of 
the tangents to the conic at Q and R. 

The proof is obvious, as is the proof of the next property which 
is the converse of item 3. 

4. If a line cuts the conic in two imaginary points, the pole of 
the line is inside of the conic. 

65. Construction of conics with straight edge and compasses. 

The common geometric origin of the conics as sections of a right 
circular cone and the fact that a single equation, mz., 

^ 2(1 _ ^ 2/2 + 4 p 2 = 0 , 

can represent any one of the three types of conics, depending 
on the value of e, suggests that there may be a method of con¬ 
structing points on conics by use of ruler and compasses, t.e., 
without computing values. That such is the case is now shown. 

The parabola. Take as directrix the line D'D and as focus 
the point C in Fig. 43. Through C draw OX perpendicular to 
D'D. Draw a number of lines perpendicular to OX cutting OX 
at Ml, M 2 , . . . With C as a center and OMi as a radius 
describe arcs cutting the line through Mi in two points Pi and 
Pi ; with C as a center and OAf 2 as a radius describe arcs cutting 
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the line through Ms in two points P 2 and P 2 '. The points 
Fi, F/, F 2 , F 2 ' are points on the parabola. Similarly we may 
construct as many more points as we wish. In particular, the 
vertex of the parabola is midway between 0 and C. 

When sufficient points have been found to determine the shape 
of the parabola, a smooth curve is drawn through them. 


D 



Fio 43 Fig 44 


The ellipse. Take the directrix D'D and the focus C as in 
Fig. 44. Through C draw OX perpendicular to D'D. We wish 
to construct points on an ellipse whose eccentricity is e (< 1). 
(In the figure e is There will be a point A' between C and 0 
on OX for which CA'IA'O = e and a point A on OX to the 
right of C for which CA/OA == e. These two points can be 
constructed by methods of elementary geometry; they are the 
vertices of the required ellipse. At any point M between A' 
and A draw a line perpendicular to OX, Set the compasses 
so that their spread is e • OM. With this radius and C as center 
describe arcs cutting the vertical line through M in F and F'. 
These points satisfy the relation CP/x = e and CP’lx = e and 
they are therefore points on the ellipse, since the directrix has 
been chosen as the ty-axis. As many points may be con¬ 
structed as are needed to determine the shape of the ellipse 
and a smooth curve drawn through them. 

TAc hyperbola. Take the directrix D’D and the focus C as in 
Fig. 45. Through C draw OX perpendicular to D'D, We wish 
to construct points on a hyperbola whose eccentricity is c (> 1). 
(In the figure e is %.) There will be a point A on OX between 0 
and C for which CA/OA = ^ and a point A’ to the left of D'D 
for which CA'/OA' = At any point M to the right of A on 
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OX or to the left of on OX erect a line perpendicular to OX, 
Set the compasses so that their spread is e • OM, With this 
radius and C as center describe arcs cutting the vertical line 
through M in P and P'. These points are points of the hyper¬ 
bola. As many points may be constructed as are needed to 
determine the shape of the hyperbola and a smooth curve drawn 
through them. 




The ellipsej a second construction. Let the circles in Fig, 46 
be graphs of the two equations 

^2 + 2/2 = a % 

X- + ?/“== 

where a > h. Draw any radius ORS from 0 and denote its 
inclination by <p. Through R draw KL perpendicular to OX 
and RP parallel to OX meeting the vertical line MS at P. 
It can be shown that the locus of P as (p varies is an ellipse 
with semi-major axis a and semi-minor axis b. As many points 
as are desired may be constructed and a smooth curve drawn 
through them. 

Proof, We have OM/OS == cos tp and LRfOR == sin ip. 
But OM =- X ^ abscissa of P md LR MP y ^ ordinate 
of P. Therefore we have the following relations: 

X == a cos ip,y ^ h sin (12) 


?! 

a2 


+ ^ = 1 . 


q.e.d. 


from which 
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The circles in Fig. 46 are called the major auxiliary circle 
and the minor aoziliaiy circle of the ellipse. The angle which 
determines the position of the point P is called the eccentric 
gfigi ft j-jig equations (12) give a parametric representation 
of the ellipse in terms of the eccentric angle. 

A second constmction of the tangent to an ellipse cU a given 
point To construct the tangent at P to the ellipse in Fig. 46 
draw at S the tangent to the major auxiliary circle and denote 
the point where this line crosses the x-axis by T. Join PT, 
The line PT is tangent to the ellipse at P. 

Proof, The equation of the tangent to the ellipse at P is 

” 2 +^ — 1 where xi, yi are the coordinates of P. The 

j-intercept of this line is a^/xi. Let the coordinates of S be Xi, 
F. The equation of the tangent at S is XiX + F?/ = a^; its 
j-intercept is aV^i- q.e,d. 


The hyperholaj a seco'nd construction. Let the circles in Fig* 


47 be graphs of the 
L K 


two equations + 2/^ = + y^ 



1 

m 




mmiKK/KSSm 

wA 

■■ 


m 


Fio. 47. 


6 '^(a >5). At B draw BL tangent to 
the smaller circle. Draw any radius OS 
from 0 and denote its inclination by tp. 
At S draw SM perpendicular to OS, 
i.e.f tangent to the circle whose radius 
is a. At M erect MK perpendicular to 
OX, Through the point R which is the 
intersection of the radius OS with the 
tangent BL draw a horizontal line meeting MK at P, The locus 
of the point P as tp varies in a hyperbola. 

Proof. OM/OS = sec tp and UP/OB = BR/OB = tan tp. 
But OS = a, OB = 6, OM = x, MP = y. Therefore we have 
X = a sec <p, y = b tan (p, (13) 

from which 

^2 52 1’ 


The circles in the figure are auxiliary circles of the hyperbola; 
the angle tp is called the eccentric angle. Equations (13) are 
parametric equations of the hyperbola. 


EXERCISE XL 

1 . Use the method of Fig. 43 to construct a parabola. 

2 . Use the method of Fig, 44 to construct 12 points of an ellipse whose 
eccentricity is 
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3. Use the method of Fig 45 to construct 12 points of a hyperbola whose 
eccentncity is %, 

4 . Use the method of Fig 46 to construct 12 jxiints of an ellipse whose 
semi-axes have the respective values a « 10, 6 « 6 

5. Use the method of Fig. 47 to construct 12 points of a hvperliola whose 
transverse semi-diameter and conjugate semi-diaincter have the values 
a *= 6, 5 ~ 3. 

6. Use the same method for the hyperbola for which a «« 3, 6 6 (2a « 

transverse diameter). 

7. Construct the tangent to the (‘Ihpse in Probhun 4 at the point 

( — 8, Make two different constructions of this tangent 

SUMMARY 

The parabola. 

Type forms of equation. 

With vertex at the origin. 

With vertex at (A, k). 

Equation of the tangent at a given point. 

Construction of the tangent at a given point. 

Reflection property. 

A second construction for the tangent 
Directrix, focus. 

Directrices of ellipses and hyperbolas. 

Conic sections. 

Geometrical generation. 

Geometrical cnteria 
Proper or degenerate. 

Type. 

Analytical criteria. 

Geometrical constructions. 

The parabola. 

The ellipse, two constructions. 

The hyp)erbola, two constructions. 

Tangent to the ellipse at a given point. 



CHAPTER IX 


TRANSFORMATION OF COORDINATES 

It is frequently desirable to change the position of the frame 
of reference. Generally this is done in order to obtain a simplifi¬ 
cation in the analytical representation of a curve. In Sec. 13, 
in order to compute the successive figures of an irrational root 
of an equation f(x) = 0 , the roots were diminished by a certain 
number, say fc, in order to obtain a new equation with a root near 
zero. A geometrical interpretation of this process is exhibited 
in Fig. 15, in which the curve is translated two units to the left. 
The same result is obtained by moving the y-axis two units to 
the right as in Fig. 48 where the new ^-axis is indicated by 
0'Y\ 



Again, the equation of the parabola in Fig. 49 is y^ + ^y — 
&r + 25 = 0 when it is referred to the axes OX and OY. The 
equation may be written (y + 3)^ = 8 (x — 2 ), a form which 
shows that the coordinates of the vertex are ( 2 , — 3 ). 

Let a new pair of axes, O'X' and O'F' be taken with O' at 
the vertex of the parabola, and let x' and y' be the symbols used 
to denote the coordinates of a point when it is referred to the new 

108 
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frame of reference. The equation of the parabola is now ^ 
Sx . The parabola has not been changed in appearance or posi¬ 
tion but the axes have been translated to the new position. 
Other instances of change of frame of reference will be given in 
succeeding sections. 


66. Translation of axes. In the last example the x'-axis 
is parallel to the j-axis, the i/'-axis is parallel to the y-axis. Any 
point P may be thought of as having two pairs of coordinates, 
the one pair (a*, y) giving its position rela¬ 
tive to OX and OF, the other pair (x', y') 
giving its position relative to O'X' and 
0'Y\ We say the coordinates (xj y) are 
transforimd into the coordinates (j*', y') by 
the translation of the axes from their origi¬ 
nal position with the origin of coordinates 
at 0 to their new position with the new 
origin at O'. In general, let the coordinates of O' referred to 
the original axes be (/i, k) (Fig. 50). The two pairs of numbers 
(j, y) and (x', y*) have the relations expressed by the equations 


r r' 


N 

j 

1 

N' 

P 



.... 1 


a 

ih.k) 




M ^ 


Fuj. 50. 


X' 



( 1 ) 


When equations (1) are solved for x and y the result is 

X == x' + h, 
y = y' + /j. 


( 2 ) 


Thus, let us suppose we have a given equation /(x, y) = 0 
whose graph is a certain curve, C. In the equation we replace 
X by x' + ^ and y by y' + /[: and get a new equation F{x', y') ~ 0, 
which is the equation of C referred to a new coordinate frame with 
origin at (/?, k) and x'- and y'-axes parallel to the original x- and 
y-axes. The point A, k may be chosen as desired. In practice, 
this point is generally so chosen that the equation of the curve is 
made simpler, as in the case of the parabola whose graph is given 
in Fig. 49. When the equation contains no terms whose degree 
is higher than the second degree, the most favorable values of h 
and k are found by completing the squares in x and in y if square 
terms in either or both of these terms are present. This is exactly 
what we have done when we were studying the circle and the 
conics which did not have the origin of coordinates at the center, 
or at the vertex in the case of the parabola. 
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lzd^V8TBATtvE EXAMPLE 1. Transform the coordinates in such a way that 
the equation 4a;* -f 16^ - -f 6y + 1 =0 takes one of the type forms 
of Chap. VIIL 

Solution. We have 4(ar* -f 4a:) — 3(y* — 2 y ) = —1. In order to com¬ 
plete the squares we must add 16 and subtract 3; this gives 4 (a: -j- 2)* — 
^ 1)* “ 12, which is equal to 

(x -h 2)* (y ~ D* _ , 

3 4 

The transformation is effected by taking h = —2 and A: = 1 , 
i.e.f by setting x = x' — 2 and y = y' + 1; or, what amounts to 
the same thing, by replacing x + 2 by x' and — 1 by y\ This 
gives as the equation of the curve referred to the new axes 



The student will appreciate the simplification attained by translation of 
the axes if he attempts to construct by points the graph of the equation m 
this example without making the suggested transformation of the coordinates. 

57. Rotation of axes. A second transformation of coordinates 
which is used to simplify a given equation is the rotation of the 
coordinate axes. This is accomplished without changing the 
position of the origin. The axes in the new positions are called 
OX' and OF' and the angle through which the positive OX must 
turn in order to take the position of the positive OX' will be 
denoted by a. This angle may have any positive or negative 
value. 

If an equation of the second degree contains a term in xy, the 
conic which is the graph of the equation is not favorably oriented 
with respect to the axesj z.e., the axes of the conic are not coinci¬ 
dent with or parallel to the coordinate axes. If the angle a 
between these two directions can be found and the axes rotated 
through this angle, the x^z-term disappears (its cixjfficient becomes 
zero) and the equation takes one of the type forms which are 
listed on page 101 . 

If the origin is not now in the most favorable position the 
x'- and iz-axes may be translated to new positions with the labels 
O X" and 0"Y", The type form of the equation in x", y" 
is now such that from it the graph is easily constructed. 

Note, It should be kept in mind that transforming the coordinates does 
not change the appearance of the curvej it changes the equation which 
defines the curve. 
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In order to use the theory of rotation of axes to simplify the 
equations of conics we need to know the following: 

1 . How the transformed coordinates x' and are related to 
the original coordinates z and y, 

2 . How to determine the angle a so that the new axes will be 
parallel to the axes of the conic whose graph is desired. 


68 . Equations of rotation. In Fig. 51 let OX and OY indicate 
the positions of a pair of rectangular coordinate axes and let 


OX' and OY' indicate the positions after 
rotation through the angle a. 

A point P in the plane will have two 
pairs of coordinates, (a:, y) and (x', y'), as 
indicated in the figure; viz.j 

X = OM, y = MP, x' = OAT', y' - Af'P. 

The angle M'PQ is equal to the angle a. 
From the figure we have 



x-^OM ^ ON - MN; y = MP = NM' + QP. 

Hence, 

X — x' cos a — y' sin a, /gv 

y = x' sin a + y' cos a. ^ ' 

Multiply the first equation in (3) by cos a, the second equation 
by sin a, and add. Again, multiply the first equation in (3) by 
— sin a, the second by cos a, and add. The two results are 
x' = X cos a + y sin a, 

y' = ~ X sin a + y cos Of. ^ ' 

Equations (4) are called the inverse of equations (3); the 
process of obtaining (4) is called inverting the set of equations 
(3). 

By the use of equations (4) the coordinates of a point referred 
to the x'- and ?/'-axes can be computed if the x, y coordinates and 
the angle of rotation are known. 


EXERCISE XLI 

1. Write equations (4) for a =* 45®, a == 120®, ot =* —30®, a « 90®, 
a * 60®. 

2. Write equations (4) for a = arc sin tan ( — 1), a ** 

arc tan 2, a = H a-rc tan ( — 3). 

3. If a = 30®, compute the new coordinates, x', y\ for the points whose 
X, y coordinates are as follows; (4, 3), ( — 1,2), (0, 5), (2, —3), (4, 0), (—4, 0), 
( 0 , 0 ). 
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69. The determination of «. Let us consider the general 
equation of the second degree 

ax* + 2hxy + by^ + 2gx + 2fy + c = 0. (5) 

We shaU transform equation (5) into a new equation in x\ y' 
lacking the product term x*y\ This will be accomplished by 
rotating the coordinate axes through an angle a so chosen that 
the coeflScient of the term x*y' in the transformed equation is 
zero. 

When the variables x and y in equation (5) are replaced by 
(x' cos a -- y' sin a) and x' sin a + y' cos a, respectively we get 

a(x' (X)8 ot y' sin + 2h(x' cos a ^ y' sin a) (x' sin a y' cos a) + 
b(x* sina + y' cos a)* *f '2g{x' cos a. — y' sm a) -f 2J{x' sm a -f cos a) -f 

c = 0 

The new equation is a quadratic equation in x' and y'; let it 
be denoted by 

Ax'^ + 2 fix'!/' + + 26V' + 2F7/ + C = 0. (6) 

It can be easily verified that the coefficients A, H, etc., have the 
following values: 

A *= a cos^ a + 2h cos a sin a + b sin^ a, 

H ^ (b — a) cos a sin a + h{cos^ a — sin*-^ a), 

B ^ a sin^ a — 2h cos a sin a + 6 cos^ a, 

G - g cos a + f sin a, 

E *: —gr sin a + / cos a, 

C - c. 

We wish to choose a so that // = 0 , ?.e., so that h{cos^ a — 

sin'-* Q?) + (h — a) cos a sin a = 0 . The last equation may be 

written 

h cos 2a = ^ 2(0 — b) sin 2 a, 
and it is satisfied if 

^ = tan 2a. (7) 

1 2h 

Hence if we choose « = 2 a —~b^ equation has 

no x'y'-term and we proceed as in Sec. 51. 

In practice it is not necessary to find the value of a itself; what 
are needed are sin a and cos a which must be used in the equations 
of rotation. These can be found from the value of tan 2a with¬ 
out the use of a table of tangents. We need only refer to the 
double angle formulas;* wz., 

* See Vol. I, p. 102 . 
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COS* « 

sin* a 


1 + cos 2a 
2 

1 — cos 2a 
2 


( 8 ) 


Illustrative Example 1 Rotate the axes of coordinates until they are 
parallel to the axes of the come whose equation is 6x* - 4 x 2 / “f 2]^* « 12 
Hketch the conic 

Solution The required angle is determined hy 


tan 2a = 


2h 

a — 6 


-> 4 
6-2 


4 

3 


The angle 2a may be an angle of the fourth quadrant or an angle of the 
second quadrant We may choose either of the two Say we choose 
2a = arc tan in the hecond quadrant then eos a and sin a are both 

positive since a is an angle of the first quadrant Hence 


cos 2a 


3 

5’ 


cos « = +V— 2 -^^ = 


and the equations of rotation are 


X 


x' - 2y'^ ^ 

Vs ' ^ V5 * 


Let these values of x and y be substituted in the given equation. The 
succeeding steps are obvious 


5x* — 4x?/ -f* 2y^ = 12, 

6(x' - 2yr 4(x' - 2y0(2x' + y') , 2(2x' + y')* _ .o 
5-T 6 

x'* -f- 6?/'® = 12 


The graph is an ellipse It is constructed in the following steps 

1 Draw the axes OX and OY (Fig 52) 

2 Construct angle XOJ = 2a = arc tan 
— in standard position in the second quad¬ 
rant 

3 Bisect the angle XOJ This givers the 
position of OX'. 

4 Construct OY' perpendicular to OX' 
at O 

x^ y'^ 

5. Construct the graph of ^ ^ 

on the x'^'-axes. The graph is shown m the 
figure 

Illustrative Example 2. In the last 

example choose 2a tn the fourth quadrant and complete the solution 
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Solution. If 2a is in the fourth quadrant, a is in the second quadrant, 
cos a is negative, and sin a is positive. Their values are (since cos 2a = 

+H) 

-V‘- 


COS a 


sm a 






Vi 


H 


+ 


2 

vs’ 

1 

vs’ 


and the equations of transformation are 



-2x' - y\ 

Vs 


y 


X' - 2y' 

v/5 


When these values are substituted in the given 
equations, the simplified result is -h y'^ = 
12. To make the graph we proceed as before. 
The angle XOJ « 2a = arc tan is con¬ 
structed in the fourth quadrant. It is bisected 
(Fig. 53) by the line 0X\ the line OY' is drawn 
perpendicular to OX' and on these axes is con¬ 
structed the graph of the ellipse 


4. 

2 12 


1 . 


A comparison of the two sketches shows that +0X' in Fig. 62 
is +07' in Fig. 53 and that +0X' in Fig. 53 is —07' in Fig. 
52. 


EXERCISE XLH 

1. Find a favorable angle of rotation for each of the following. Con¬ 
struct the graphs. 

(а) xy + - I ^ 0; 

(б) 2x2 _ 12x2/ - 32/2 + U = 0; 

(c) >_ 4^^ -F 41/2 - 8 = 0; 

(d) x2 - 4T.y -F 41/2 „ 2y -3=0. 

2 . Reduce the following conics to type form 

(a) xy =* A ^ Am. x'* — y'^ = 8. 

(b) X* - 10x2/ - 40x Vl3 - 8y Vi3 -F 252/* = 0. Am. y'* = 8x'. 

(c) 25 j* -F 14x2/ -F 25//* = 288. Am. 16x'" -f 9y'^ * 144. 

(d) 3x2 _ 3^2 0. Arts, x'^ - 4y'^ = 0. 

60. Invaiiants under rotation. There are two remarkable 
facts to be noted in connection with the transformation by rota¬ 
tion. Refer again to the values of A, R, etc., the coeflBicients 
of the various terms in the transformed equation ( 6 ). It is easy 
to verify that the following relations hold and are independent 
of a: 
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(1) -4 4- ^ a + 6, 

(2) - AB ^ ah. 

In particular, if a is so chosen that = 0, the above two 
relations become 

(1) A + J5 = o + 6, 

(2) AB =- ab - ¥. 

From these relations we can tell the type of the conic; e,g,, 
it is called parabolic if it is a proper parabola or if it is a pair of 
coincident lines. (Cf. degenerate cases in the tabulations in 
Secs. 51 and 62.) It is not necessary to transform the conic to 
ascertain its type. Consider the numbers A and coefficients 
of and y'^, respectively, in the transformed equation. If 
these two numbers have unlike signs, the conic is hyperbolic in 
type; if they have like signs, the conic is elliptic; if one of them 
is zero, the conic is parabolic. In the three cases, the product 
AB will be, respectively, negative, positive, zero. Hence, the 
type of conic depends on AB but since AB ah -- we can say 

1. If ab — < Of the conic is hyperbolic in type, 

2. If ab — h^ > Of the conic is elliptic in type, 

3. 7/ ai!) — = 0, the conic is parabolic in type. 

It still remains to find under what condition the conic degener¬ 
ates into one of the three types, two intersecting lines, a point 
or imaginary ellipse, or two coincident lines. We recall that the 
second-degree equation which is satisfied by only one real point 
may be reduced to the type form ax^ + hy^ = 0, with ab > 0. 
This equation may also be looked upon as the equation of the two 
imaginary lines x\/a + iy\/h = 0 and x\^a — iy\/b = 0. 

Hence, with this interpretation of the elliptic type of degenerate 
conic, we seek the condition that the equation ax^ + 2hxy + 
hy^ 4- 2gx + 2fy + c = 0 may factor into two linear factors. 

If the equation factors, the two factors may be obtained by 
solving for y by the quadratic formula.* This gives 

by = — (hx + f) ± y/R, 

where R ^ {h^ - ah)x^ + 2{hf - hg)x + {p - be). Obviously 
R must be a perfect square so that its square root may be added 

♦ The equation can be solved for y if 6 0, otherwise it can be solved for 

a: if a 9^ 0; when both a and b are zero if the equation is factorable, the fac¬ 
tors can be found by inspection. It can be shown that the condition for 
factorability is the same as is obtained for the case h 9^ 0. 
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and subtracted to — (Ax + /) to give linear equations. The 
condition that J? be a perfect square is that its discriminant be 
2 jero. This discriminant consists of the factor b which is not 
zero and the polynomial 

abc — a/^ ““ hg^ — ch^ + 2fgh 


which may be written in the determinantal* form: 


D = 


a h g 
hb f 
g f c 


and we have proved that if the quadratic equation factorSy D is 
zero. 

It can be shown that the value of the corresponding determi¬ 
nant whose elements are the coefficients of the transformed 
equation (6); viz.y 


A = 


AEG 
H B F 
G F C 


is the same as the value of D. Hence we can add D to our list 
of invariants at the top of page 115. The phrase invariant tmder 
rotation of axes is used to indicate that these functions of the 
coefficients are unchanged when the axes are rotated. Geomet¬ 
rically, it means that if the conic is non-degenerate before 
rotation of axes, it is non-degenerate after the axes have been 
rotated; if its type is parabolic, hyperbolic, elliptic, rotation does 
not change this property. 

Thus when it is required to find the nature of the conic whose 
graph is a given equation, the criteria above suffice. Trans¬ 
formation by rotation is necessary only if the graph is to be 
constructed. 


EXERCISE XLIU 

1 . Find the type of each of the following conics and determine whether 
it is degenerate or non-degenerate. 

(а) 25ar» - -f 16t/* — 20x -f 18*/ == 0; 

(б) 4x* 4- -f y* -b -f 23 / — 3 =0; 

(c) -f 4xy -f — 2a: — 43 / 4* 1 *= 0; 
id) ar* + 4xy -4 3 /* 4- 4 « 0; 

* This may be taken as a definition of a determinant with three rows and 
three columns, called a determinant of third order. 
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(e) xy + 3x - 4j/ = 8 ; 

(/) xy + 2y^ + + 4 ^/ - 2 « 0 ; 

(g) y* = 42/. 

2. Show that each of the following conics is non-degonerate. Find foci, 
directrices, eccentricity. Sketch the graphs. 

(а) 15x* 4- 6 x 2 / 4 ISi/* — Sy/2x — 3\/2y — 34 « 0; 

( б ) X* 4 2y/Zxy ~ i/* = 18; 

(c) 9x« ~ 24 x? 7 4 16y* - 20x - 15y « 0. 

SUMMARY 

Transformation of coordinates. 

Translation. 

X = x' + h, 

y ^ y' + A:. 

Rotation. 

Equations. 

X = x' cos a — y' sin a, 

y = x' sm a + y' cos a, 

. o 2/i 

tan 2a =-i • 

a — h 

Invariants. 

The conic is degenerate if /> = 0. 

The conic is: 

Parabolic 1 = 0 

Hyperbolic/according a8<o6 — < 0 
Elliptic ; {ab — > 0 



CHAPTER X 


POLAR COORDINATES 

Locating points in a plane by means of a system of Cartesian 
coordinates may be compared to giving directions in a city—a 
certain number of blocks east, for example, then a certain number 
of blocks south. There are numerous other ways of setting up a 
frame of reference in a plane so that, when the two coordinates of a 
point are given, the point is uniquely determined. In this chap¬ 
ter will be studied the system of polar coordinates. Locating 
points in a plane by this system may be compared to giving 
directions on a prairie or a desert where a place is located by its 
distance and direction from a given point. 

61. Polar coordinates. Let 0 be a given point called the pole 
and OX drawn to the right from 0 be the line, called the prime 
direction) from which directions are to be measured. Choose 
a unit of length and indicate it on OX. Take 
P any point in the plane (Fig. 54) and let r 
denote the length of OP measured in the 
chosen linear unit and S the angle (any one of 
the angles) through which OX may turn in 
order to take the direction of OP. The two coordinates r and 6 
serve to locate P without ambiguity. 

To plot points and graphs in polar coordinates the student will 
find it convenient to have polar coordinate paper. This paper 
has rays radiating at regular intervals from the pole with a linear 
scale on the rays and a circular scale to indicate the angles. 

The line OP is called the radius vector of the point P; ^ is the 
vectorial angle. 

The student will note that there is only one point with a given 
pair of values r and d as coordinates; on the other hand, when a 
point is given its coordinates are not unique. For example, if the 
angle B in Fig. 54 is 30® and the length of OP is 3, the point P may 
be denoted not only by (3, 30®) but also by (3, —330®), (—3, 
— 150®), (—3, 210°)* and by other pairs of numbers obtained by 

* Some writers prefer not to admit negative values of r, in which case such 
an equation as r* « cos 2 $ is equivalent to r * +\/cos 2^ rather than r « 
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replacing the above angles by other angles obtained from them 
by adding multiples of 360°. 

EXERCISE XLIV 

1. Plot on polar coordinate paper the following points: 

(2, 30"), (4, 150"), (1, 270"), (1, -90"), (-3, 45"), (3, -135"), (-1, 180"). 

2. Plot the graph of the equation r « 1. 

8. Plot the graphs of the equations 9 « 40", ^ —100", d «» --140®. 

An equation in r and B may contain B algebraically, as « 2, 
r - 5B^ — 2By etc., or it may contain B in the argument of one or 
more trigonometric functions, as r = 3 sin r® « 4 cos 3^, etc. 
In the first case the values of B are to be given in radians. 

In constructing graphs of equations /(r, B) » 0, consideration 
should be given to the notions of periodicity and of symmetry. 
All trigonometric functions are periodic; hence any relation 
involving trigonometric functions should be examined to see if it 
has a period. If so, the graph may close at a certain point and 
no new points be obtained by taking values of B larger than the 
one which closed the curve. It is not p>ossible to give a rule which 
shows what values of B should be included in a table in order that 
no portion of the curve may be omitted. 

We shall now discuss symmetry in a curve in polar coordinates, 
giving a few of the simplest tests. We may speak of symmetry 
with respect to the prime direction and of symmetry with respect 
to the 90° ray, the 180° ray, the 270° ray, etc. However, we 
shall later superpose our polar coordinate frame of reference on a 
rectangular frame of reference, allowing the prime direction of the 
one to coincide with OX of the other and the 90° ray to coincide 
with OY. Hence, let us at this stage speak of symmetry with 
respect to the x- and y-axes. 

62. Tests of symmetry. Two points which are symmetric 
with respect to the z-axis, as Pi and P 2 in Fig. 55, have as polar 
coordinates (r, B) and (r, -B), The graph of /(r, ^) = 0 is 
symmetric with respect to the line OX if the equation is essentially 
unchanged* when B is replaced by j-^B), _ 

± Vcos 2^. We agree here to use the latter equation and to look upon r as 
a double-valued function of 9. 

* An equation is essentially unchanged if the signs of all terms are changed; 
this does not change the roots. 
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Pi and Pi' in Fig. 


Two points which are symmetric with respect to the y-ajM, aa 
^ 55, have as polar coordinates (r, B) and 

V - or (- r, -B). Hence the graph of 

^) = 0 18 symmetric with respect to the y- 
axis if the equation is essentially unchanged 
when 6 is replaced by ir — Bj or if simul^ 
taueously r and B are replaced by r and 
-B. 

Two points which are symmetric with 
respect to the origin, as P 2 ' and Pi, have as polar coordinates 
(r, B) and ( — r, B) or (r, B) and (r, t + B), The graph of f{rj B) = 
0 is symmetric with respect to the pole if the equation is of the form 
= f{fi) or if the equation is essentially unchanged when B is 
replaced by ir + B. 

The student should show that the function r == a cos 2B satis¬ 
fies all of the tests of symmetry given above. 



Illtjsthative Example J. Discuss the function r ^ a sin 6 and con¬ 
struct its graph, 

D1BCU8SION. Tests for symmetry, (1) Since sin { — 0 ) ^ sin the graph 
is not symmetric with respect to the T-axis. (2) Since sin (tt — = 

sin the graph is symmetric with respect to the 2 /-axis. (3) Since 
sin (jr + 6^) sin the graph is not symmetric with 
respect to the origin. 

We note that sin (tt + ^) = — sin B\ hence 
the points obtained by allowing B to vary from 
TT to 27r will fall on points already obtained; 
f.e., the graph closes with 0 = tt. In the table 
of values, it is only necessary to include values 
of B from 0° to 90°. Why? The graph is a circle. (See Fig. 56.) 



0 

r *= « sin 6 

0^ 

0 00 

10“ 

0 17o 

20“ 

0 34a 

30“ 

0 50a 

40“ 

0 64o 


9 

r = a sin 0 

50“ 

0 77a 

60“ 

0 87a 

70“ 

0 94a 

80“ 

0 98o 

90“ 

1 00a 


Illustkativb Example 2. Discuss and construct the graph of the spiral 
of Archimedes, r « a$. 

Discussion. There is symmetry with respect to the 2 /-axis, since r 
becomes (—r) when 9 becomes ( —&). As 0 increases, r increases. In the 







POLAR COORDmATMS 


121 


graph ia Fig 57, the dotted curve gives the function for negative values of 0, 
the solid curve gives it for positive values of $. 


Y 



Fig 57 


Y 
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Illustrative Example 3. Discuss and construct tlic graph of r » 
a cos 20 . 

Discussion. We have already found (page 120) that there is symmetry 
with respect to both axes and with respect to the pole. Hence we need 
include in the table only values of 0 which correspond to fxnnts in the first 
quadrant. 

The arc ABO in Fig. 58 is obtained by letting 0 vary from 0° to 45®. 
Hence the arc AB'O corresponds to values of 0 from —45® to 0®. 

If a second portion of the graph appears m the first quadrant, it will cor¬ 
respond to values of 0 ♦^roiii 45® to 90® or from —90® to —135®. We find 
that the values of 0 from 45® to 90® cornwjxind to the points on the arc ODF. 
The entire curve can now be sketched. To get all of the points of the four 
leaves (it is called the four-leaved rose) we may allow 0 to vary from 0® to 
300® or from -180® to 180® 


EXERCISE XLV 

Construct the graphs of the following: 

(а) r == al0 (the hyperbolic spiral); 

(б) r - a cos 0; 

(c) r ^ a sin 20; 

(d) r = a sm 3^; 

(e) r = a cos 36; 

(f) r = a sin^ (0/3); 

(g) r - a sec 20; 

(h) r - a (cos 0 — sin 0). 

63. Relations connecting polar and rectangular coordinates. 
Let the coordinates of P (Fig. 59) be (r, 6) referred to the pole 
0 and the prime direction OX. 
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Set up a rectangular coordinate system with 0 as origin and 
OX as a>ajds. Referred to this system, the coordinates of P 
are x and y. From the figure it is clear that 
the two sets of coordinates have the following 
relations: 

X a r cos 6, 

y a r sin e. (1) 

The inverse of the relations in equations (1) 
are 
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= V** + y* 


6 a arc tan • 


( 2 ) 


An examination of the two sets of equations shows that if the 
polar coordinates r and ^ of a point are known, its abscissa and 
ordinate are uniquely determined by (1). If, on the other hand, 
the rectangular coordinates x and y are known, r is uniquely 
determined by the first but B is not uniquely determined by the 
second of equations (2). However, the signs of the given 
coordinates x and y show the quadrant of B without ambiguity. 


Illustrativb Examples. The Cartesian coordinates of the point (5, 
ir/3) are ?^'\/3); the polar coordinates of (—4, 0) are (4, r). 

By the use of equations (1) we may find the polar equation of a 
given curve whose Cartesian equation is known. The student 
will be able to verify the correctness of the entries in the following 
table and to describe each locus. 


Cartesian equation 

Polar equation 

X « c 

r cos 0 =* c 

p « c 

r sin 0 = c 

ox + « 0 

tan 0 = —a/6 

»* + y* ** o* 

r =* a 

(x — a)* -4- P* •* o* 

r « 2a cos 0 

X* -4" (y — «)* “ a* 

r =« 2a sin 0 

(X - -f (y - Ai)* - M 4" ife* 

r « 2a cos (0 — 7 ) 
(a, 7 ) are the polar coordi¬ 
nates of ( 6 , k) 


Similarly, by the use of equations (2) we may find the Cartesian 
equation of a given curve whose polar equation is known. 
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EXBRCISB XLVI 

1 . Find the Cartesian equations of the curves whose equations in polar 
coordinates are as follows: 

(o) f « a sm 2e\ (6) r ^ ami 

(c) r* — 6 r cos ^ -f 5 » 0; (d) r* — 2crooa ~ -y) -f- c* ■■ o*; 

(e) raiaB ^ h; (/) r* » 25 sin $; 

(fli) r « sec> 

2. Make the graph of the equation r ^ a sm* 


64, Conics. Let the focus of a conic be the pole in a system 
of polar coordinates and let the prime direction be perpendicular 
to the directrix and directed from D'D 
toward 0 (Fig. 60); also let KO *= 2p. By 
the definition of a conic, P is a point on a 
conic whose eccentricity is e if OP/NP == e. 

Now OP = r and NP — KO + OM « 

2p + r cos 6. Hence the equation of the 

T 

= e. When this equa- 


come IS : 


2p + r cos B 
tion is solved for r the result is 
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r = 


2^e 


1 — e cos 0 


(3) 


For 6^1 the denominator of equation (3) is never negative; 
hence all values of r are positive. The graph lies to the right of 
D'D and is an ellipse or a parabola. For e > 1, the denominator 
of equation (3) is negative for ^ == 0® and for values of 6 which are 

numerically less than arc cos -• These values of B give points 
on the branch of the hyperbola which lies to the left of the direc¬ 
trix, while values of B for which 180® ^ |^| > arc cos - correspond 

to points on the branch of the hyperbola which lies to the right 
of the directrix. 


EXBRCISB XLVII 
2'dc 

1. Sketch the graph of r « i 4 , e^B 0 compare it with the graph 
of equation (3). 
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2. Sketch the conics represented by each of the following equations: 


(O) 


4 

(6) 



4 

T 

“ 1 — 3^ cos 

T 


1 + H cos 0' 

W 


3 

(d) 

T 


3 

T 

— cos 



1 — cos 0' 

(e) 


12 

(/) 



9 

T 

**1—4 cos B' 



1 : 

(ff) 


12 

(ft) 



2 

T 

* 1 — 4 sm 



1 

i 

(») 


2 

(J) 



8 

T 

** 1 -i" cos B^ 



1—3 cos 0' 

(k) 


12 

(« 



4 





T 

**2+4 cos 0 — 3 sm B* 



1 + cos 0 — sm 0 


3. In Problem 2 (a), (/), and (gf), locate the foci, the center, the vertices, 
and the second directrix of any come not a parabola. Compute the lengths 
of the semi-axes and the length of each latus rectum. 


66. Special curves. Certain curves which are frequently met 
in higher mathematics and which are interesting because of their 
classical origin are more simply defined in 
ix)lar coordinates than in Cartesian coordi¬ 
nates. 

The conchoid. We have given a fixed 
line L and a fixed point 0 which is taken as 
the pole in a system of polar coordinates. 
The prime direction OX is perpendicular to L 
as in Fig. 61, and OR = a. The vari¬ 
able line OA whose inclination to OX is Q 
meets L in ^4. Lay off AP == h and AP* = 6. 
The conchoid is the locus of the two points 
P and P\ Its equation may be determined 
as follows: The length of OA is a sec 
the length of OP = r a sec 6 + b while 
OP' = a sec 6 — b. Hence the complete 
curv'e is given by r = a sec 0 ± 6 . 

This curve can be used to solve a famous problem of antiquity, 
the problem of trisecting an angle. The ancients thought they 
ought to find a way of trisecting any given angle by use of straight 
edge and compasses. It has been proved in modern times that 
this is not possible, though a very simple construction is possible 
with the aid of the conchoid. The name conchoid means 
“mussel-like.'' It was invented by the Greek mathematician 
Nicomedes about 200 bx. 


Y 
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To insect an an^U, Let ^ « angle XOP be the given acute 
angle which is to be trisected (c/. Fig. 62) and let R be any point 
except the vertex on the initial side of e. 

Draw the perpendicular to OX at E and 
denote its intersection with the terminal side 
of Bhy A, With 0 as the pole and h = 20^4. 
construct the part of the conchoid which cor¬ 
responds to values of the polar angle from 0° 
to the given angle 6, Draw AB parallel to 
OX and cutting the conchoid in B, Then the 
angle XOB = 

Proof, Take N midway between M and B. Since MB = 
20A we have MN = OA; also since the angle MAB is a right 
angle the line AN is equal to the line MN] hence AN « OA 
and angle NOA = angle ON A = 2 times angle ABN == 2 times 
angle XOB, q,e,d. 

The lima 9 on (snail) of Pascal. Let 0 be a fixed point on a 
given circle whose radius is a and let OA be any chord through 0 
(Fig. 63). Lay off AP = AP* = k (constant). 
The locus of the two points P and P' is the 
curve which is called the limagon. Its equation 
may be found as follows: 

r = OP = OA + AP = 2a cos B + k^ 
r = OP' = OA — P^A == 2a cos B — k. 

Hence the locus of the two points is given by 

r = 2a cos 0 ± ft. 

There are three cases; m., ft > 2a, ft ~ 2a, ft < 2a. The 
student should plot several of these curves, taking convenient 
values for a and ft. In the case 2a = ft the equation becomes 

r = 2a(cos 0 ± 1). 

The graph of r = 2a(cos 0 + 1) is a heart-shaped figure and is 
called the cardioid. 

How do the graphs of r — 2a(cos ^ — 1) and r = 2a(l — cos B) 
differ? Compare them with the graph of r = 2a(co8 ^ + 1). 

The cissoid of Diocles. Let O be a fixed point on a circle 
whose radius is a, and let the prime direction pass through the 
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center of the circle and cut the circle at O and at A. Construct 
AL tangent to the circle at A. 

Let the variable line through 0 cut the 
circle at R and the line AL at /S, The 
point P is chosen so that OP = RS. Find 
the equation of the locus of P. 

We have OS « 2a sec 0 and OR = 2o 
cos 6. Then 



r » 


OP 


OS -PS 
OS - OR 


2a sec 6 — 2a COB 6 


c% f n o /I cos^ 2a siu^ 6 

a* 2a(sec 6 — cos 6) = 2a( -r— j « -r— 

' \ COB 6 J cos 0 

Hence r - 2a sin 8 tan 8. 

The cissoid may be used to solve the ancient problem of dupli¬ 
cating the cubCf i.e.j of finding a length whose cube is twice a 
given cube. This is another problem which cannot be solved 
with straight edge and compasses. 

To duplicate a cube. Construct a cissoid 
with a «= 1. At C the center of the circle 
in Fig. 65 draw a vertical line cutting the 
circle and the cissoid at D; take DQ « 

CD =a 1. The line joining Q with A meets 
the cissoid at a point which we call B, 

The perpendicular BM from B to the 
prim e d irect ion has the property that 
TO « 20M\ 

Proof, We have 

(1) tan 6 « MBfOM, 

(2) MA a= 2 — OAf « 2 — OB cos ^ = 2 — 2 sin® 6 — 2 cos® 
since OB =» 2 sin ^ tan $ from the equation of the cissoid. 

(3) MBfMA = CQ/CA « 2, . MjB = 4 cos® $ (from 2). 

(4) From (2), OM * 2 — 2 cos® ^ 2 sin® 0, 

(6) Substituting from (2) and (4) in (1) we get tan 0 — 
2 cot® 0, tan® ^ « 2. 

Hence, 

MB® « 20M®, as was asserted. q,e,d. 



The Cassinian ovals. Let two fixed points whose distance 
apart is 2a be denoted by Fi and Fj. Find the locus of the 
point P which moves so that FiJP • FJP *» 6® (6 » constant). 
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Diseuss the curve for the three cases a > ft, a « 6, a < 6. When 
a as ft the curve is caUed the lemniscate. 

EXERCISE XLVm 

1. Plot the conchoids for which a » 4, 6 » 6; a «> 4, 6 « 4; and a 4, 
ft * 2. 

2. Plot the limagons for a * 6, A: « 3; a « 6, A; » 6; and o « 6, A: «* 8, 
8. Plot the cissoid for a * 4. 

4« Plot Cassinian ovals for a « 6, ft = 4; a « 6, ft » 6; and o «* 6, ft « 8. 

6, Find the Cartesian equations for the conchoid, hmacon, cissoid, and 
Cassinian ovals. (Use a and ft or a and k to designate the constants.) 

SUMMARY 

Polar coordinates. 

Pole, prime direction, radius vector, vectorial angle. 
Symmetry. 

With respect to the x-axis. 

With respect to the y-axis. 

With respect to the pole. 

Relations between polar and Cartesian coordinates. 

The equation of a conic in polar coordinates. 

Special curves. 

Conchoid. 

Used in trisecting an angle. 

Cissoid. 

Used in duplicating a cube. 

Lima 9 on, Cardioid. 

Ovals of Cassini, Lemniscate. 



CHAPTER XI 


CERTAIN SPECIAL CURVES. PENCILS OF CURVES 

In the first volume of “Elementary Mathematical Analysis’^ 
the graphs of all typos of elementary single-valued functions were 
studied; viz., 

2 / = a polynomial function of x, 

2 / = a rational function of x, 

2 / = a trigonometric function of x, 

2 / = a logarithmic function of x, 
y = an exponential function of x. 

In addition, certain functions with infinitely many values for a 
given x; viz., y — m inverse trigonometric function, and also the 
double-valued function whose graph is a circle, were sketched 
and studied. 

In this book we have discussed double-valued algebraic func¬ 
tions of X defined by the general equation of the second degree, 
ax® + 2hxy + hy"^ + 2yx + 2 / 1 / + c == 0, and in addition a 
number of curves whose equations are given in polar coordinates. 

In this chapter we shall discuss a number of important curves 
whose equations are most simply given in parametric form; i.e., 
X is a given function of a parameter, say, t or B, and y is also a 
given function of the same parameter. A table of values of 
X and y is constructed by letting the parameter take a succession 
of admissible values after which the number pairs (x, y) are 
plotted in an x 2 /-plane where a rectangular frame of reference has 
been chosen. 

A second topic in this chapter deals with systems of curves. 
For example, the two equations y == 5x + A* and y == mx + 1 
represent, respectively, a pencil of parallel lines and a pencil of 
lines through a point. In each of these cases there is a single 
arbitrary constant, and hence a single infinity of lines in the 
pencil. 

We shall study pencils of circles and pencils of conics. 
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66. Parametric equations. Algebraic curves. Let the values 
of X and y be given by the two equations 

x = + 3, 

2 / + 1 . 

From the appended table the points (x, y) can be plotted* 
That the graph is a straight line (Fig. 66) is evident from the 


t 

X 

y 

-3 

-3 

4 

-2 

-1 

3 

-1 

1 

2 

0 

3 ' 

1 

1 

5 

0 

2 

7 

-1 



table, inasmuch as it shows that both z and y change untformly 
with i. 

More generally, let the values of x and y be given as linear 
functions of t by the two equations 

X bt -\- dj (1) 

y = --at + k. 


That the graph of y, the function of x defined by the above 
equations, is a line may be shown by eliminating t and thereby 
obtaining a function of x and y, as follows: We substitute in the 

X — d 

second equation the value t = —g— obtained from the first 
equation. This gives, when cleared of fractions, 

ax + by + c =0 (2) 


where c = —ad — bk. 

The slope of the line defined by equation (2) is —a/b. The 
same result may also be obtained from equations (1) by recalling 
a property of the derivative of a function of a function;* m,, if y 
is a function of t and t is a function of x, Dxy = Dty • This 

may also be correctly written (for values of t for which Dtx 9 ^ 0), 


DxV = 


DtX 


VoL I, p. 134. 
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la the case in question, we get 

a 

aar — D^X = ft, * —g* 

A third example is given by the parametric equations 

X = 2<, 

y = 1.^/2 ^ 4 . 

For this function D^y - b> linear function of t and con¬ 
sequently a linear function of Xy since x = 2L Its graph is then a 
parabola with a vertical axis. Elimination of t gives the Carte¬ 
sian equation 2 / “ M 4* 

More generally, when we have two equations which express 
a; as a linear function of t and 2 / as a quadratic function of ty viz, 

X ^ mt + fly 

y ^ Tt^ + St + Vy 

the equation obtained by eliminating t is of the type 
y « ax* +bx + c. 

On the other hand, if each of x and y is given as a quadratic 
function of x] e.g,, 

X = di^ -f- 6^ -f* c, 

2 / *= + f) 

the elimination of i gives a general equation of the second degree 
whose graph is a conic. 

The student will be able to carry through the discussion to 
cases where x and y are expressed as polynomials in t of degrees 
m and n. 

Similarly, if x and y are rational functions of ty the function y 
of X thus defined will in general have poles. A simple example is 
the following: 

2 

When t is eliminated, the result is 

a rational function with a double zero at x « 0 and with simple 
poles at X « ± 2. 
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The pETEinctric ropresentAtion of algebrAic curves is relatively 
unimportant since it is always possible to eliminate the parameter 
by rational steps, thus obtaining an algebraic equation/(x, y) * 0 
which shows at once the relation of x and y. Mien the functions 
to be studied are transcendental functions, f.e., non-algebraiCy 
it frequently happens that the parametric representation is 
simpler than the Cartesian. Examples will now be given. 


67. Parametric equations. Certain special plane curves. The 
cycloid. Let a circle on which a point P has been marked roll on 
a straight line. The point P moves 
on a curve which is called a cycloid. 

Its coordinates will be obtained in 
terms of the angle d through which 
the radius CP = a turns as the 
circle rolls on the line OX (Fig. 67) 
starting at 0. 

Draw MP = y and BC parallel to OX, The angle ACP ^ 6 
is the angle through which the circle has turned since P was 
coincident with 0, Hence the arc APy whose central angle is By 
is equal in length to the line segment OA; i.e., OA *= aB. Then 


p 

/1\ 


/ fei 

Ac ) 

f \ 

37 

M A 
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X = OM == OA — MA *= OA — BC = — a sin ^ * 

a{B — sm B)y 

y = MP = MB + JBP = AC + jBP = a — a cos ^ = 
a(l — cos B). 


Note, Angle BCP « ^ — 90°; hence sin BCP « — cos d and cos BCP » 
Bin 6 , 


The student can show that the signs are correct for positions of 
P which correspond to values of B less than 90® and for positions 
of P which correspond to values of B 
greater than 180°. In all cases the coor¬ 
dinates of P are given by the two equa¬ 
tions 

jt « a(e — sin 8), 
y = a(l — cos 8). ^ ' 

The hypocycloid. A circle of radius 
a rolls on the inside of a circle of radius 
b. The locus of a point on the rolling 
circle is called a hypocycloid. Its equa¬ 
tions are obtained as follows: 
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Let the circle start with P on A and roll to the position in Fig. 
68. The radius OB of the fixed circle passes through the center 
of the rolling circle and makes an angle B with the x-axis. The 
abscissa z and the ordinate y of the point P are obtained by noting 
that arc PB = arc AB] hence a • angle PCB = bB and, conse¬ 
quently, angle PCB = Also angle DCP + angle OCN + 

~ * 180°; hence angle DCP = 180° - ^ - (90° - (?) = 90° - 

^0. We have 

X « OM = ON + NM = OC cos ^ + a sin DCP, 
y MP ^ NC - DC ^ OC sin ^ + a cos DCP; 

i.e.f 

X — {b — a) cos 0 4" n cos — 0^ (4) 

y = (b — a) sin 0 — o sin ^ - ^ 6. 

If 6 = kOj the curve will have k cusps and will close. In partic¬ 
ular, when /c = 4 we have the 4-cusped hypocycloid. 

EXERCISE XLVm 

1. Make the graphs of the curv(‘s whose equations follow and find the 
Cartesian equation for €*ach curve. 


(a) 

X 

« tr 


(6) 

X 

— a 

sec 0, 


y 

= Si 

-2t - 1; 


y 

= b 

tan 0; 

(cy 

X 

= a 

cos 0, 

W 

X 

~ a 

cos 0, 


V 

« a 

sin 0; 


y 

- b 

sin 0; 

(e) 

X 

1 

2 

if) 

X 

= - 

St 

4 +<* 




2 t 




4P 


y 

"" r 



y 

= — 

4 + P 


2 . Obtain the Cartesian equation for the hypocycloid with four cusps. 

Ans -f 

Hint. Put a «= ^4 6 in equations (4), replace cos 30 by an expression in 
cos 0, and replace sin 30 by an expression in sin 0. 

3. An epicycloid is the locus of a {xnnt on a circle which rolls on the out¬ 
side of a fixed circle. If the radius of the rolling circle is a and that of the 
fixed circle is 6, show that the coordinates of P are given by 

/ 1 o, b ^ 

a; m (o -f 6) cos 0 — O COS —-— 0, 

y as (a -f 6) sin 0 — a sin 0. 

The curve is closed when a and b are commensurable. 
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4. Derive the Cartesian equation for the cycloid. 


Ans* X 


a arc edn 


V2ay - 
a 


“■ y/2ay — or 


X ~ a arc vere y/a — \/2ay — y». 
0. Show that the cissoid of Diodes is the locus of y) where 


X 


2 t* - 2 ^ - 2 i 


Hin^. Find the Cartesian equation of the cissoid and show that it is 
identically satisfied by the above expressions. WTiat does the parameter 
t represent? 

6. What is the locus of the pomt P in Fir. 69 if AP is a Riven leiiRth 6, 
BP =» a, and the line takes all possible positions such that A remains on 
X'X and B on Y'Y. 

Ans. The locus of P is the ellipse x = a cos 0 , ?/ = (a 4- b) sin B where 0 
is the angle XAB. 




7. The witch is the locus of the point P constructed as follows: Let a 
circle whose radius is a rest on the a.-axis at O (Fig. 70), and let AT he the 
tangent to the circle at the end of the diameter OA. 

Draw any line OB to meet the circle at Qi and the line AT oX Qt. Draw 
QiR perpendicular to OX and draw Q\P parallel to OX, The locus of P 
18 the so-called witch of Agnesi. Show that its equation is y{x^ + 4o*) = 8a® 
and sketch the graph. 

8. Find the locus of a point whose ordinate is k times the ordinate of a 
point on the circle -f — a^. Discuss the cases A; < 1 and A; > 1. 

9. Lines are drawn from the point (3, 0) to the hyperbola x* -> 9y^ » 36. 
Find the locus of the mid points of these lines. 

10. Show that the locus of the intersections of the perpendicular tangents 
to a parabola is the directrix of the parabola. 

11. Show that the point of intersection of a tangent to an ellipse with a 
line drawn through a focus perpendicular to the tangent lies on the major 
auxiliary circle of the ellipse. 

12. Show that the statement in Problem 11 is true also for the hyperbola. 

13. Show that the point of intersection of a tangent to an equilateral 

hyperbola and a line drawn through the center perpendicular to that tangent 
lies on the lemniscate whose equation is (x* 4* y*)* ~ — y®). 

14. From the origin draw a line perpendicular to a tangent to the 
parabola y* ** — 4a(x 4- a). Show that the foot of the perpendicular lies 
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on the strophoid. The equation of the strophoid is y* « a;*(o + x)/{a - x), 
Sketoh the curve. 

16. Discuss the graph of the equation -f « ±a^. 

Hint, Rotate the axes through 45®. 

68. PexicEs of curves. Let /(x, y) * 0 and F(x, y) « 0 be the 
equations of two curves in the xy-plane. The coordinates of a 
point Piixu y\) which is an intersection of the two curves satisfy 
both equations; t.e., /(xi, yO = 0 and F(xi, yi) = 0. Conse¬ 
quently, the coordinates of Pi satisfy the equation 

/(x, y) + 1cF{x, y) = 0. (5) 

For every value of k equation (5) is satisfied by the coordinates of 
each point common to the two curves fix, y) = 0 and F(x, y) ~ 0. 

The parameter k can take an infinite number of real values; 

hence equation (5) represents an infinite 
number of plane curves. Such a system 
of curves is called a pencil, or a one- 
parameter family of curves. We shall 
study the properties of some pencils of 
curves. 

Pencils of lines. Let Li and be 
two intersecting lines (Fig. 71) whose 
equations are, respectively: 

Lii aix + biy + Ci == 0, 

Z/2: <Z2X + b2y + C2 — 0. 

Let A be the point common to the two lines. Then, for every 
value of k, the linear equation 

aix + biy + Ci + k(a2X + bzy + C 2 ) == 0 (6) 

represents a line through A, Consequently, the pencil of lines 
represented by equation (6) consists of all of the lines through 
A, The point A is called the vertex of the pencil. 

Let B be any point in the plane not on Li or L 2 . The line 
determined by A and B is one of the pencil of lines represented by 
equation (6). Its equation can be obtained as follows: Substitute 
the coordinates of B in (6), obtaining a linear equation in k. 
Since the line whose equation we seek is to pass through B, the 
result of substituting the coordinates of B in the left member of 
(6) must be zero. Thus a value of fc, say ki, is obtained which 
makes the left member of (6) vanish. The equation 

ttix + 6iy + Cl +• *i(oiX + biy + ca) « 0, 
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in which the parameter k is replaced by the particular value ki, 
gives the one of all the lines of the pencil which passes through B, 

The above discussion shows that the following theorem is true: 

Theorem. Through an arbitrary point in the plane passes one 
and only one line of a pencil of lines. 

The only exception to the theorem ib the vertex of the pencil itself. 

It is customary to use symbols for the two lines, as was done in 
equation (5). The pencil in Fig. 71 may be represented by 

Li + kL2 == 0 (7) 

where it is understood that Li is merely an abridged notation 
which is used instead of the left member a^x + biy + ci of the 
equation of which Li is the graph. 

Let La be the symbol used to represent the line of the pencil in 
Fig. 71 which passes through B. Obviously the jKmcil Lj + 
mLa = 0 consists of all of the lines through the intersection of Lx 
and La; i.e.y it is identical with the j>eneil (7). In fact the totality 
of the lines of the pencil with vertex at A is ecpially well expressed 
by L' + tU' = 0 where U and L" are any two lines of the pencil. 

The student will note that it is not necessary to know the 
coordinates of A in order to write the equation of the pencil of 
lines whose vertex is 

Illustrative Example 1 Write the equation of the pencil of lm(*8 
through the intersection of 2 j* — y + 4 0 and -f 2// ~ 1 =<0. Find 

the line of the pencil which passes through the point (~1, 3). 

Solution The eciuation of the pencil is 2 x -” // -f 4 4 - + 2^/ — 

1) = 0 The line through ( — 1,3) will correspond to the value of k obtained 
by substituting ( — 1, 3) in the last equation; it is ^ The required 

line has for its equation 2x — y -f 4 + -f 2^ — 1) = 0. This when 

simphfied is x 4- 1 = 0- 

Illustrative Example 2. Write the equation of the pencil of lines 
through the intersection of the x-axis and the y-axis 

Solution. Since the equation of the x-axis is y = 0 and the equation of 
the i^-axi8 is X == 0, the pencil through the origin is given by y + kx 0 

69. Penchs of circles. Let Si and ^'2 be circles (Fig. 72) whose 
respective equations are as follows: 

Sii + y^ + 2giX + 2fiy + Ci = 0, 

S2: x^ + y^ + 2g2X + 2/22/ + ^2 = 0. 

Obviously if the vertex A (a, b) is given, the equation of the pencil of 
lines with this vertex m y — b « tn(x o). 
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For every value of k except A; = — 1 , a circle is the graph of 
the equation 

Si + kSi - 0, (8) 

which is an abridged form used to 
represent the equation 

+ y^ + 2gix + 2fiy + Ci + 
k{x^ + ?/2 + 2g^x + 2 / 22 / + Ct) * 0 . 

Moreover, every circle of the pencil 
of circles given by equation ( 8 ) passes 
through the two points A and B which are common to Si and 
S 2 . 

For A; = —1, the x‘^ terms in equation ( 8 ) cancel, as do the 
terms. This leaves the linear equation 

2x(^i - g^) + 2y{U - /a) + Ci - Ca = 0. (9) 

The line which is the graph of this equation is the line AB^ since 
equation (9) is one of the equations obtained from ( 8 ) by giving k 
a special value and since each of the curves represented by equa¬ 
tion ( 8 ) passes through A and B. 

The line is called the radical axis of the two circles Si and 
S 2 ; it is also called the radical axis of the pencil of circles deter¬ 
mined by Si and S 2 . 

The equation of the radical axis of the 'pencil of circles determined 
by the two circles Si and S 2 is Si — B 2 = 0. 

The slope of the radical axis is — (gi — g 2 )/(fi — fn)* Let this 
be compared with the slope of the line of centers. The coordi¬ 
nates of the two centers are, respectively, Ci(—/i, —gi) and 
C' 2 (~*/ 2 , — 6 ^ 2 ); hence the slope of the line segment C 1 C 2 is 
(Ji — fi)/(gi ^ 2 )* Thus the radical axis of two circles is per¬ 
pendicular to the line of centers. 

Let Bs be a circle of the pencil ( 8 ) determined by giving to A: a 
numerical value. Then Ss passes through A and B and the line 
AB is by the last paragraph perpendicular to the line of centers 
C iC 3 . Hence Cs lies on the line C 1 C 2 . More generally, the centers 
of all of the circles of the pencil determined by two given circles Si 
and Si lie on the line of centers of Si and S 2 . 

Consider two circles Si and S 2 which do not have any real 
intersections (Fig. 73). The equation 

Si + kSi^0 
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is a pencil of circles each of which passes through the imaginary 
points of intersection of Si and S^. The line 


^1 — S 2 ^ 0 

is again called the radical axis of the pencil and, as before, its 
Y slope is seen to be the negative 

reciprocal of the slope of the line 
of centers. 

We shall prove an important 
property of the radical axis; eiz., 




the radical axis of a pencil of circles is the locus of points from which 
equal tangents can he drawn to the circles of the pencil. Before this 
proof can be made, however, a means of computing the length of 
the tangent to a circle from a given point must be found. 

I^et the circle in Fig. 74 be the graph of the equation 

{x — + (y — hy — = 0. 

and let the length of the tangent P'Q be denoted by d. The 
length of CP' is \/{x' — h)^ + {y' — ky. In the right triangle 
CQP' we have 

dP = (x' ~ hy + (y' - ky - rK (10) 

The square of the length of the tangent to the circle whose equation 
is {x - hy + (?/ - A-)2 - = 0 or x^ + + 2gx + 2fy + 

=5 0 from a point outside of the circle is obtained by substituting 
the coordinates of the point in the left member of the equation. 

We can now obtain the solution of the following problem: To 
find the locus of the point P' which has the property that the 
length di of the tangent from P' to Si is equal to the length dt 
of the tangent from P' to S 2 . The squares of the two lengths 
have the respective values 

= X'* + y'^ + 2g,jf + 2/, 2 / + c,, 
d*® = x'^ + y'^ + 2gix’ + 2f^' + c*. 
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When we impose on these values the condition that they shall be 
equal, we have 

2(^i - + 2(/i - f2)t/ + Cl - C2 = 0. 

But since P' was used to indicate a general point, we may erase 
the prime marks and have unprimed x and y as the coordinates 
of the point under discussion. The equation of the locus of P is 
seen to be the equation iSi — <82 = 0 . g.e.d. 

EXERCISE XLIX 

1 . Write the equation of the pencil of linos through the point (4, —1) 
Find the line of this pencil which passes through (0, 2) 

2. Write the e<iuation of the pencil of lines through the intersection of the 
lines 2x 4- y + 4 = 0 and x — 2^ -f 7 — 0 

S. Write the equation of the pencil of lines determined byx—y-f4=0 
and 3 j; 4- 2y — 3 ~ 0 

4. Which line of the pencil in Problem 3 is also a hne of the pencil in 
Problem 2? 

5. Given two circles with centers at (0, 3) and ( — 4, —1) and respective 
radii equal to 4 and 5* 

(а) Write the equation of the pencil of circles determined by them 

(б) Write the equations of the line of centers and the radical axis 

(c) Compute the lengths of the tangents to the two circles from the point 

(b, -1). 

6. Consider two circles with centers at (0, 3) and (— 4, — 1) and respec¬ 
tive radii equal to 2 and 1 

(a) Writ<' the equation of the pencil of circles determined by them 

()>) Find the equation of the circle of this pencil which passes through 
the origin. 

(c) Write the equations of the line of centers and the radical axis 

(d) Compute the lengths of the tangents to the two circles from the point 
on the radical axis whose abscissa is ^ 

70. Pencils of conics. Let Si and S 2 be two conics whose 
respective equations are given by 

Si. + *^hixy + hy^ 4- 2gix + 2fiy 4- ci = 0, 

Sa. + 2h2xy + b^y^ + 2^2^* + 2 / 2 ^ + C 2 = 0. 

The equation Si + kS 2 ~ 0 represents a pencil of conics, each 
one passing through the four points in which Si and S 2 intersect. 
(The four intersections will be all real, two real and two imagi¬ 
nary, or all imaginary if the coefficients in the given equations are 
real numbers.) As before, through any point not on both of Si 
and S 2 passes a single conic of the pencil. 

A value of k which makes the discriminant of the come 
Si + kS 2 ~ 0 equal to zero corresponds to a degenerate conic in 
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the pencil. The number of degenerate conics is the same as the 
number of values of k which make the discriminant vanish. This 
number can be found by writing down the discrimmant of the 
pencil (r/. Sec. 52), viz.^ 

a I + ka^ hi + kh^ gi + kg2 

D - Ai + kh2 hi + kb2 fi + kU . 

gi + kg2 fi + kf2 Cl + kc2 

When D is zero the conic degenerates. Since D is an equation 
of the third degree in /c, there will be in general three values of k 
which correspond to three degenerate conics of t he pencil. These 
degenerate conics are pairs of lines which ai*e not necessarily real; 
each pair passes through the four points of intersection of Si 
and Sj. 

Let these four points be designated by A, J3, C, D. Then if 
A, Bf C, and D are all distinct, the three degenerate conics consist 
of the following pairs of lines: AB and CD, AC and BD; AD and 
BC. If A, By Cy and D are not all distinct, one or more of the 
conics may be a pair of coincident lines. 

71. The determination of circles and of conics from given 
conditions. The general equation of a circle, + 2gx + 

^fy + c = 0, contains three arbitrary constants, g, /, and c. 
Consequently, a circle is determined by three conditions. For 
example, to require that a certain point Pi be on a circle imposes 
the condition xi^ + yi^ + 2gxi + 2fyi + c = 0, an equation 
which is linear in the three unknowns g, /, and c. Three such 
equations, if consistent, determine a unique set of values for 
g, fy and r. Hence the equation of a circle through three given 
points (not all on a line) is found by solving three linear equations 
similar to the one above. The solution may be made by 
determinants. 

Illustrative Example. I^\nd the equation of the (*jrele which passes 
through the three points (1, 1), ( — 2, 3), and ( — 4, 0). 

Solution. The three conditions obtained by substituting the coordinates 
of the given points in turn in the general equation are 

(1, !)• 1 + 1 +2g +2/Ac « 0, 

(-2, 3). 4 A 9 ~ 40f A 6/ A c - 0, 

(~ 4, 0) * 16 — 8flf A c « 0. 

The solution of these equations = Hence the 

equation of the required circle is 

X* A V* A 3x — V *“ 4 * 0. 
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In the general equation of a conic there are six constants, 
A- However, we can divide each term by any one 
of these constants which is not zero without altering the graph. 
Hence, we say that there are essentially five constants in the 
general equation of the second degree. Consequently, it takes 
five conditions to determine a conic; e.g., we may choose five 
points at random and find a conic which passes through them. 
If the five points are real and no three are on a line, the conic is 
a proper conic. If three of the given points lie on a line, the 
conic consists of this line and a second line through the remaining 
two points. 

When five distinct real points are given there is a very simple 
method of determining the come which passes through them. 
An example will illustrate. 

Illustrative Example Find the equation of the conic which passes 
through the following points: Pi(0, 1), Pzil, 4), Ps{5, 0), Pi(—2, —4), 
/^(O, 0). 

Solution. One conic through Pi, Pa, Ps, and P4 consists of the two lines 
P\I\ and PsP*; another come through the same points consists of the two 
lines PiPj and PtP*. The equations of these two conies are as follows: 

5t: - y + l)(4.r - 7y - 20) = 0, 

Sii (x + - 5)(8x - Sy -f 4) = 0. 

The pencil of conics through these four points is given by #81 -f kSi ~ 0. 
We now impose the condition that our conic shall pass through PeCO, 0) by 
substituting the coefficients of Pt m the equation Si -h kSz = 0 This gives 
k —1. Hence, the desired equation is (3x — y -{• l)(4x — 7y — 20) ~ 
(j* + 52/ - 5)(8a - 32/ + 4) = ~ &2xy - 20x 222/* - 222/ = 0. 

EXERCISE L 

1, Set up the discriminant of the pencil of conics determined by 

Si. -f 4j-t/ — 2/^ - 4i/ = 0, 

S 2 : 4x* + 4xy + 52/* - 24j; - 4y 0. 

Compute the three values of k for which the discriminant is zero. Find the 
three degenerate conics of the pencil. 

Ans. A: * K, Hi H- 

2. Find the equation of the conic which passes through the following 
points: (0, 0), (1, 4), (--3, 2), (-2, 6), (4, 0). 



CHAPTER XII 


PROGRESSIONS 

In this chapter will be studied a new type of function, a func¬ 
tion which is expressed as the sum of a finite number or an 
infinite number of terms. In the first case the function is defined 
only for integral values of n, where n is the number of terms. 

72. Sequences; series. A finite or an infinite set of numbers 
or symbols, arranged in a definite order is called a sequence. 
Each symbol is called a term of the sequence. The totality of 
positive integers forms an infinite sequence; the even numbers 
from 20 to 40 form a finite sequence. Other examples of 
sequences are 

1, 3, 5, 7, , 99. 

2, 6, 18, 54, ... , 4374. 

1 , H, H, ■ ■ ■ 

d], 0-2, CLs, <Xj^j . . . 

a: + 3, X + 6, 0* + 9, • • • 

Two simple types of sequences are called arithmetic progres¬ 
sions and geometric progressions. They are defined as follows: 

Definitions. 

In an arithmetic progression In a geometric progression 
any term after the first is formed any term after the first is 
from the preceding term by formed from the preceding 
adding to it a given number term by multiplying it by a 
called the common difference. given number called the com¬ 
mon ratio. 

Let the symbols ai, a2, as, . . . denote the first, second, 
third, . . . terms; let d denote the common difference in the 
arithmetic progression (A.P.); and let r denote the common 
ratio in the geometric progression (G.P.). Then the terms of 
the two progressions have the values exhibited in the following 
table: 


141 
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Hence, if a and d are known in an A.P. or if a and r are known 
in a G.P., the nth term can be found by 

A.P. fln = ai + (n - l)d, (1) 

G.P. fln - (2) 

Each of these equations contains four symbols. The fourth 
can be computed if any three are known. 


EXERCISE LI 

1. Bolvo (equation (1) for ar, for d; for n 

2 . Bolv(‘ equation (2) for ai; for r. 

3 . Show that when equation (2) is solved for n, the result is 

_ log an - log tti + log r 
log r 

4 . In the following, values are given to three of the symbols m a progre^ 
Sion ; find the value a* of the fourth symbol 



In an arithmetic progression, the terms which lie between any 
two terms are called the arithmetic means of the terms. Thus 
in the anthmetic progression — 7, — 4, —1, * • • the arithmetic 
means between ~7 and 5 are —4, —1, and 2, In particular, if 
there is only one arithmetic mean between two terms it is called 
the arithmetic mean. In the last example, the arithmetic mean 
between —4 and 2 is —1. More generally, three consecutive 
terms of an anthmetic progression may be written 


a*, — d, ajfc, Uk + d, 


where the arithmetic mean of ak — d and a* + d is a*. It is 
half the sum of the two terms a* — d and a* + d. Thus if a, 
b, c are three terms in an arithmetic progression, we have 
6 *■ J^(a 4* c), a formula for determining the arithmetic mean. 
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Similarly, in the geometric progression 1, 3, 9, 27, 81, , . . 
the geometric mean of 1 and 9 is 3; the two geometric means 
between 3 and 81 are 9 and 27; etc. The formula for the geo¬ 
metric mean is derived as follows: Let a, 6, c be m geometric 
progression. Then c/6 = b^a, and consequently b ~ ±\/ac^ 
a formula which shows that there are two numbers each of which 
is a geometric mean between a and 6. 

The arithmetic mean of two numbers is half thexr mm; the gech 
metric mean of two numbers ts the square root of their product, 

EXERCISE Ln 

1. Compute the geometric mean and the arithmetic mean of 6 and 18. 

2. Insert three arithmetic means between 6 and 22. 

8. Insert four geometric means between 16 and 

4. Insert seven arithmetic means between /> and q 

7p + 9 3p 4-^ 5p + 3<7 p-f 9 3p 4-p 4-3g p-f 7g 

Am . g, 8'2’ 8’ 4’ 8* 

6 . In the A P 8, 5, 2, which term is —28*'^ 

6. What is the common difference of an A P. in which the hrst term 
18—32 and the fifteenth term is —4? 

7 . The sixth term of an A P is —9 and the tenth term is 11; find the 
common difference and the first term 

8 . Insert two different sets of three geometric means between 3 and 243. 

9. The fifth term of a G P is 6 and the ninth term is find the second 
term. 

10 . In a certain school system a teacher receives $1,800 the first year and 
each subsequent year for five years receives an increase of $50 per year; 
thereafter, each year the increase is $100 per year until the maximum of 
$3,250 18 reached How many years does the teacher work before receiving 
the maximum salary? What is his salary the eleventh year? 

73. Sum of n terms. Simple formulas can be obtained for the 
sum Sn of n terms of a progression where n is any given positive 
integer. The sum of the terms of a sequence is called a series. 
For the A.P. we may write Sn in the two following ways; 

= Ui + (ui 4- d) + (ai + 2d) + • • • -f [ai + — l)d], 

== On + {an — d) + (Un 2d) -f- * ■ + [a„ (n — l)d]. 

The sum of these two equations when divided by 2 is 

S„ = (3) 

The sum of n terms of an arithmetic progression is equal to n 
times the average term. 
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For the G.P. we may write 

<S« — ai + air 4- air^ + . . . + air"~^ 

Multiply both members of the last equation by r and get 

rSn = air + air^ + air^ -j- . . . + ^ir^. 

When the last equation is subtracted from the last but one the 
result is 

Sn rSn = ai - Oir»», 


or 

iSn(l - r) = ai(l ~ r«); 

therefore 

^ _ ai(l ~ r") 

On — —5-• 

1 - r 


(4) 


74, Sum of an infinite number of terms. In an arithmetic 
progression it would be absurd to talk about the sum of an infinite 
number of terms, since the sum can be made larger than any 
assigned number by adding together a sufficient number of 
terms. 

In the case of a geometric progression the situation is different. 
It is true that the sum grows large without bound for r greater 
than unity or equal to unity, but if r is numerically less than 
unity it can be shown that this is no longer true. Consider the 

difference between Sn and as obtained from equation (4). 

It is 



When n becomes very large, the number r” becomes very small, 

as does the product of r" by * In fact, the right member 

of equation (6) can be made numerically smaller than any pre¬ 
viously assigned small positive number by taking n sufficiently 
large. This means that the sum of n terms cannot exceed 

if ai is positive but that by taking n sufl5ciently large the 

sum of n terms may be made to differ from by as little 

as we please. 

The number is called the limit of the sum of n terms as 

n approaches infinity ^ 
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or, for brevity, the sum of an infinite number of terms. 

The student should bear in mind that when it is said that the sum of an 

infinite number of terms is ~ it is to be understood to mean that the 
1 — r 

number j—is the limit of the sum of n terras as n increases indefinitely. 

He should also remember that formula (6) holds only for values of r which 
arc numerically less than unity. 

EXERCISE LHI 

1. Find Sn when ( 1 ) oi == 2 , « = 8 , d = - 3 ; ( 2 ) Oi « - 2 , n « 7, 
d = 5; (3) rti = 8 , r = 3, n = 4; (4) ai - 4, r = ' 4 , n = 5 . 

2. On Jan. 1, a man deposited a dollar m a suving.s bank; on Feb. 1, he 
deposited two dollars; on Mar. 1, four dollars; etc. What was the sum of 
his deposits for a year, assuming that he continued m this manner? 

3. A student borrows $1,000 at the beginning of his senior year. He 
agrees to pay $100 of the principal at the end of each year, avS long as neces¬ 
sary. Also he agree'S to pay, at the end of each year, 4 per cent interest 
on the principal outstanding during that year. What is the total sum which 
he pays? 

4. Find the sum of all odd integers from 1 to 99, inclusive. 

6. Find the sum of the first n odd integers. 

6. Find the sum of the first n even integers. 

7. At a bazaar, tickets numbered from 1 to 600 were sold; the price paid 
for each ticket was the number of cents equal to th(‘ number on the ticket. 
How much money was received for the 500 tickets? 

8. A father’s will directed that each of his eight children be given $1,000 
more than the child next in age but older. The fifth child received $8,700; 
what was the total amount received by the group of eight ? 

9 . Find five numbers forming an A.P. such that Sb = 40 and a# — ni « 12. 

10. Find the limit of the sum of each of the following progressions with 
infinitely many terms: 

(a) 8, 2, ; (J>) Ifi, -4, 1, ... ; 

(c) 2, %, ; id) 0.3, 0.03, 0.003, . . . 

11. A pendulum is being brought to rest by air resistance; the path of 
each swing, after the first, of the bob of the pendulum is 0.01 shorter than 
that of the previous swing. If the path of the first swing is 18 in. long, 
find the total distance traveled by the bob in coming to rest. 

12. If a, 6, c, . . . are terms in a G.P., show that log a, log 6, log c, . . . 
are terms in an A.P. 

13. An tmending repeating decimal may be written as the sum of an 
infinite number of terms of a geometric progression where r is less than 
unity. For example, 0.125126125 • • • is equal to the G.P. 0.126 + 
0.000125 d- 0.000000125 + * • * The limit of the sum of the G.P. is 
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^ j hence the number 0.125125 • • • may be written as 

the rational fraction Every repeating decimal may he written as 

a rational fraction; certain rational fractions are equal to terminating 
decimals, as, » 0.125, other rational fractions, as ^^^99 in the example, 
when reduced to decimals never terminate. 

Find the rational fractions which are equal to the following non-terminat¬ 
ing repeating decimals: 


(a) 1.666 . . . ; 
(c) I.OIOI 
(c) 2 222 ... ; 
(g) 0 818181 
(i) 0.090909 . . 


(6) 0.121212 . . . i 

(d) 0.008333 . . . ; 
if) 0 636363 . . . ; 
(h) 0.58333 . . . ; 
(j) 0.429571429571 


76. Harmonic progressions. A sequence of terms forms a 
progression called harmonic progression if the reciprocals of 
the terms form an arithmetic progression. For example, the 
arithmetic progression whose terms are 

- 6 , - 2 , 2 , 6 , 10 , • • • 

gives rise to the harmonic progression whose terms are 

••• 

In order to find the nth term of a harmonic progression it is 
necessary first to find the nth term of the corresponding arith¬ 
metic progression. 


The name harmonic progression is due to the fact that, if the lengths of 
a set of strings of the same diameter and substance stretched to uniform 
tension form a harmonic progression, a harmonious sound results if two or 
more strings are caused to vibrate simultaneously. 

Illustrative Example. Insert four harmonic means between — % and 

Ko. 

Solution. In the A.P, where a\ =» and n = 6 we have 

^ ^ — p if ^ 3 ] ~ corresponding A.P. is — 

-Hy H, Hi Hf ^9i and the required H.P. is 3, Ji, 


EXERCISE LIV 

2CIC 

1 . If a, b, c form a harmonic progression prove that b ^ 

2 . Insert three harmonic means between and ^^ 2 - 

3 . Insert six harmonic means between 2 and )^i. 

4 . Compute the arithmetic mean, the geometric mean, and the harmonic 
mean of 3 and 12; of r and s. Show that the geometric mean is a mean 
proportional between the arithmetic and harmonic means. 

6 . Let m, n, r, and s form a harmonic progression. Prove that mn -h rs » 
(m n) -i" (r s). 
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SUMMARY 

Definitions of new terms. 

Sequence. 

Progression. 

Arithmetic. 

Geometric. 

Harmonic. 

Formulas. 

The nth term. 

The sum of n terms. 

The sum of an infinite number of terms. 
The arithmetic mean of a and h. 

The geometric mean of a and b. 

The harmonic mean of a and b. 



CHAPTER XIII 


MATHEMATICAL INDUCTION. THE BINOMIAL 
THEOREM 

When a general formula is to be proved it is frequently neces¬ 
sary to use a method called the method of mathematical induc¬ 
tion. This method will be described now and will be applied 
to various types of problems; m particular, the formula, called 
the binomial formula, which gives the expansion of the expression 
(a + by as a polynomial in a and b when n is a positive integer, 
will be obtained. 

76. Mathematical induction. The sum of the first n integers 
is n/2(n + 1); this statement will be proved by mathematical 
induction. 

To prove, 

l+2 + 3+ -- -+ n= ^in{n + 1). (1) 

There are three steps in the proof, as follows: 

I. The formula is shown to be true for some convenient small 
value of n, say n = 2. 

IL The formula is assumed to be true for some given value 
of Uy say n ^ k, 

III. On the basis of the assumption in II it is proved that the 
formula holds for n = A: + 1. 

Conclusion, By I, the formula is true for n = 2; hence by 
III it is true for n = 3; but III asserts that since the formula is 
true for n =» 3 it is also true for n = 4; furthermore, by III 
since the formula is true for n = 4, it is also true for /^ = 5; etc. 
Thus by advancing one unit at a time, we can show that the 
formula is true for any previously chosen positive integral 
value of n; i,e,, it is true for any positive integer n. 

Let us apply the three steps of the proof to the example given 
in equation (1). 

I. When n ** 2 we have 1 4* 2 • 2(2 4- 1); the formula is true for 

n « 2. 
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II. We asaume 1+2+3 + }ik{k + 1). (2) 

III. We wish to prove 1+2 + 3+ • • • +{ife 4 .i)« + l)ik + 2). 

Proof, Let A; + 1 be added to each member of equation (2). This does 

not disturb the equality and it gives 

1+2+3 + • • •+A; + (A; + 1) = }4k{k + 1) + (Ar + 1), 
1+2+3 + • • •+A; + (A; + 1) + 1)(^ + 2). 

Hence the conclusion follows that the formula is true forn « 3;forn « 4; 
for n ~ 6; • • • ; for n = any positive integer. q.e.d. 

Illustrative Example 2. Prove the formula 1 + 3 + 5 + • * • 
+ (2n — 1) « n* by mathematical induction. 

I. For n = 2 the formula gives 1 + 3 = 2*. 

II. We assume 1 + 3 + 5 + • • • + (2fc — 1) =* A:*. 

III. Let the next odd number, 2k + 1, be added to both members of the 

last equation; the result is 1 + 3 + 5 + • • • + (2A: — 1) + (2A: + 1) « 
A;* + (2A; + 1) — (A: + 1)’* which is the result obtained by setting n = A; + 1 
in the formula. Hence, if the formula is true for w ~ A;, it is surely true for 
n =* Ac + 1, But by I it is true for n =2; hence by successive applications 
of III we conclude that the fonnula is true for n = 3, for n =* 4, • • • , for 
n ~ any positive integer. g.e.d. 

From these examples it is clear that the method of mathe¬ 
matical induction is used only when a formula is stated in terms 
of a number symbol n which is to be allowed to take the successive 
values 1, 2, 3, . . . 

For example, the induction method is not needed in obtaining 
the quadratic formula, since in this formula appear the coeffi¬ 
cients, ao, ai, 02 , of the general quadratic but these symbols 
are not supposed to take successive integral values. There 
is also a formula for the three roots of the general cubic equation 
in one unknown and another formula for the four roots of 
the general quartic equation in one unknown. For many 
years mathematicians sought a formula for the n nth roots 
of the general n-ic equation in one unknown. They hoped 
to find a formula which would contain the symbol n as well 
as the coefficients appearing in the equation. By allowing n 
to take the successive values 1, 2, 3, ... it was hoped that the 
one formula would do for equations of all degrees. It was 
Abel,* an eminent Norwegian mathematician, who proved 
that there can be no such formula, t.e,, a formula involving only 
the operations of arithmetic. 

* Niels Henrik Abel was bom in 1802 and died in 1829. In this 
brief period he made numerous important contributions to mathematical 
knowledge. 
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EXERCISE LV 

1. Prove the following formulas: 

(o) 2 + 4 + 6 + • • - + 2n “ n(n + 1): 

(6) l-2+2-3 + 3'4 + •• • + n(n + 1) •= + l)(n 4* 2); 

(c) 1« + 2» + 3> +•••+»* “ Knin + l)(2n + D; 

(d) 2« + 4* + 6* + • • • + (2»)» - %nin + l)(2n + 1); 

(e) 1« + 3’ + 6» + • • • + (2n - 1)» - Hn(2n + l)(2n - 1); 

(f) 1*4-2* 4" 8* 4- • • • 4-ti* = 4" 1)1*5 

(g) 2-5 4-3-6 4-4-7 4- • • • -4-(n 4-l)(n-f 4) - J^n(n 4-4)(n 4-6); 

W 1T2 ^ + 3^ + ’ " ■ + n(n 4- 1) “ tT+l' 

2. Prove by mathematical induction the formula for the sum of n terms 
in an arithmetical progression; m a geometrical progression 

2. Prove D<» Moivre^s theorem. (Cf. Chap I, Sec 7 ) 

77. The binomial theorem. A general formula can be 
obtained for the terms in the expansion of (a + b)** where n 
is a positive integer. It is 

(a + 6)" =» c" + -f + . . . 

• • • +nab"-^ + b”. (3) 

The proof will be made in Sec. 78 by mathematical induction. 
First, however, let us examine the right member of equation (3). 
We note the following: 
a. Terms, There are n + 1 terms. 

h. Exponents. 1. The exponent of a is reduced one unit in 
each succeeding term after the first term, a^. 

2. The exponent of b is zero in the first term, it is 1 in the 
second term. It is A; — 1 in the kih term. g n + 1.) 

3, The sum of the exponents of a and b in any term is n. 
c. Coefficients. 1, The coefficient of the second term is n. 

2. The denominator of the coefficient of the second term 
is 11, of the third term is 2!, of the ifcth term is (fc — 1)1 

(A; = 0,1, 2, • • • , n + 1). 

3. There are as many factors in the numerator of a 
coefficient as in the denominator. The first factor is n. 

From the above, it is easy to write down the terms in the 
expansion of a given binomial. Furthermore, any desired term 
can be written down without first writing the preceding terms. 

Illustkativb Example 1, Write the fifth term of (2x -f yY. 
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Solution. The fifth term contains y* and consequently it contains 
(2x)®; the denominator of the coefficient is 1 • 2 • 3 • 4; the niimerator of the 
coefficient is 9 • 8 • 7 • 6. The term is 

= 4032x*2/** 

Illustrative Example 2. Write the eighth term of (3a ~ 4h)**. 

Solution. The eighth term contains (— 46)^ and consequently it contains 
(3a)®. The coefficient has 7 factors in the numerator and 7! in the denomi- 
nator. The term is 

~4 ^~ “ -49268736a‘6'. 

EXERCISE LVI 

1. Write the following expansions* 

(a) {Sx ~ 1)®; (5) (2x + yY; (c) (x* ~ 

2. Write the sixth term of the expansion of (4/ - J,)•; Of (f,e*+ 

3. Is the fifth term of the expansion of {x — positive or lu'gative? 

4. Which terms in the expansion of (x — i/)^® are negative? 

6. Compare the coefficients of the sixth and the thirte<'nth terms in the 
expansion of (a — b)^^; of (o — 6)*®. 

6. Write the coefficients in the expansion of (a — fe)*; of (a — 6)®. 

7. Show how the binomial theorem can be usi'd to get the expansion of 
(a + h + c)". 

78. Proof of the binomial formula. We wish to prove formula 
(3) in the last section by the method of mathematical induction. 

I. The theorem is true for n — 2, for by actual multiplication 

we get {a + by — + 2ab + b^. 

II. We assume that when n ^ k we have the equality 

(a + 6)* = a* + 

—-1—.^5— + • • • + 6*. (4) 

1 * 2*0 

III. We multiply the two members of equation (4) by (a + 6); 

on the left we get (a + on the right we get the first row 

below when we multiply by a, the second row when we multiply 
by 6, and the sum below the line when similar terms are added. 

a*+i + * a*6 + a*~i624- + . . . + ^6* 

0*^4.* 4. afc-3^,3 4.... kabk 4./;j,+i 

+ (ifc + l)a*fc -f 4. ... 4. ( 4 : + 
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Ob adding the terms and ~ j ; 2 

for example, we get for the coefficient 

Hk ~ 1)(A; - 2) k{k - 1) __ k{k - l)rA; - 2 1 _ ^-(/c - 1) k + l 

1*23 1-2 1-2 L 3 r2 ‘ 3 ‘ 

The expansion of (a + obtained in this way is exactly 
the same as that obtained by replacing n by A: + 1 in the formula. 
Hence, the formula is true for n = A; + 1 if it is true for n — k. 
But in I it was shown to be true for n = 2; hence it is true for 
n = 3, for n = 4, • • • , for n == any positive integer. q,e.d. 


Note, The binomial theorem holds also for n a negative mimher and 
for n a fraction. In these eases the expansion eonsisls of an infinite number 

of terms. When |6| < |a| we writ^i (a -f- = a’^^l 4- and the expan¬ 

sion is an infinite geometrical progression with the ratio less than unity. 


Illustrative Example 1 . Find v^26 by expanding the binomial 
(25 + 1)K 


Solution. We have (25 + 1)^'^ = (2r))^^(l + = 5(1 4- 

The terms may be replaced by decimals and added, viz.y 


1 000000 
0 020000 
- 0.000200 
0.0 00004 
1.019804 


Hence, \/^ correct to 6 decimal places is 5(1.019804) = 5.099020. 

If only three terms of the expansion had been taken, the result 
would have been correct to five decimal places. The fifth term in 

the expansion is ^ 254 ’ value is — 0 . 0000001 , 

so that the error in taking 5.099020 for \/26 is less than 0.0000005. 

Illustrative Example 2. Expand by the binomial theorem and 

discuss the expansion. 

Solution. We have 

fix) * (1 ~ x)’-^ =* 1 4* a: 4- 4- -f • • • (5) 

The right member of (5) is a geometrical progression and therefore has a 
finite limit if |j;| <1. Consequently we can approximate the value of 
fix) for a given x which is numerically less than 1 by substitution in the right 
member of (5); we can get the exact value of fix) for this x by substituting 
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11 4 

in the left member of (5). For example, when x = Let us 

4 1 — X o 

see how rapidly the sum 1 + x + a* + a.’ + • ■ • approaches % in value. 
We have 


Number 
of terms 

Sum 

Difference be¬ 
tween sum and 

4, 

2 

125 

0 08 H 

3 

1 3125 

0 0208H 

4 

1 32S125 

0 005208bJ 

5 

1 33203125 

0 (K)120208V3 

6 

1 333007812,5 

0 000325620Sla 


After adding six tenns, the sum is correct for three decimal 
places only. This series is said to converge slowly. The series 
m the last Illustrative Example converges rapidly. In the series 

under discussion let us take j = 0 1 ; then ()"][“ 9 * When 

jc = 0.1 is substituted in the right member of equation ( 6 ) the 
sum of the first four terms, 1 + j is equal to 1 . 111 , 

a number which differs from by O.OOOj^. This series con¬ 
verges more rapidly for x = 0.1 than for x = 

In the same way, such expressions as 

1 _ _ 1 ^ 

— X I ~ ^l — j’ y/a bx cx^ 

__ 1 _ __ 

a + hx + cx^ + • • • + pa*" 

can be expanded into infinite series. The series represents the 
original expression for suitably chosen values of x. Such infinite 
series and their regions of validity arc studied in more advanced 
mathematical texts. 


EXERCISE LVU 

1. Use the binomial theorem to compute -^lOO 

Hint. Wnte 100 = 126 - 25 and compute the sum of four terms of the 
binomial expansion. Compute the fifth term in order to get an upper limit 
of the error. 

Next, write 100 == 64 + 36 and compute the sum of the first four terms 
and the value of the fifth term as before. Discuss the results. 

%• How many terms of (32 — 4)^ must be computed in order to obtain 
the value of with an error less than 1 in the fifth decimal place? 
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Find the fourth term in the expansion of (64 — 16)^. Hence compute 
the accuracy of the result of taking three terms m this expansion as an 
approximation to 

4 . Check the result in Problem 3 by solvmg the equation x* « 48 by 
Horner^s method. 


SUMMARY 

The three steps in an induction proof. 

The binomial theorem. 

The exponent a positive integer. 

Number of terms. 

Exponents. 

Coefficients. 

The exponent a fraction or negative number. 
Number of terms. 



CHAPTER XIV 

PERMUTATIONS AND COMBINATIONS 

It is sometimes desirable to know the number of different 
arrangements or permutations poasible for a given set of objects. 
For example, the symbols o, b and c are capable of six permuta¬ 
tions, viz,, abc, acb, bac, bca, cab, and cba. 

For other purposes it is desirable to know how many distinct 
groups or combinations of r objects can be formed out of n 
objects. In this case the arrangement of the objects is not 
important and the six permutations listed above form only one 
combination. 

In this chapter the thoery and applications of permutations 
and combinations will be studied. 

79. Permutations. Fundamental principle. Let us suppose 
that a certain act can be performed in k ways and that after this 
has been performed (in any one of the k ways) another act can be 
performed in m ways. The two acts can be performed in succes¬ 
sion, the second after the first, in km ways. If after these two acts 
have been performed a third act can be performed in n ways, 
the three acts can be performed in succession, in the order 
named, in kmn ways, etc. 

Illustrative Example. In how many ways can 3 books be taken from 
a shelf containing 12 books? 

Solution. There are 12 choices for the first book; after 1 book has been 
taken from the shelf there are 11 choices for tlie second; Ukto are them 10 
choices for the third. In all, 3 books may be removed in 12 X 11 X 10 « 
1,320 ways. 

More generally, a set of r objects may be formed from a 
set of n objects in n{n — l)(n — 2) • * • (n — r + 1) ways, 
since there are n choices for the first object, n — 1 choices for 
the second, etc., until r objects have been chosen. 

The symbol is used to denote the number of permutations 
of n objects taken r at a time; by the argument in the last para 
graph we have the formula 

nPj == n(n — l)(n — 2) • • • (n — r + 1). 
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(1) 
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This formula can be put in a more elegant form by multiplsdng 
and dividing the right member by (n — r)!* This gives n\ in 
the numerator, and the formula becomes 

In particular, if r =* n so that every arrangement is an arrange¬ 
ment of the entire set of n objects, the factors on the nght of 
equation (1) are n in number, the first factor is n and the last 
one is 1; i.e., 

nPn = n!. (3) 

It may happen that some of the objects must be treated 
differently from the others, as in the following. 


Illustrative Example 1. How many dilTererit numbers of two digits 
each may be formed from 0, 1,2, 3, 4? 

Solution. The figure in the tens place may be chosen in four ways; % e , 
it may be any one of 1, 2, 3, or 4 After one of these figures has been chosen 
for the tens place, the figure m the units place may be any one of the five 
given figures. Hence, there are 4 X 5 ~ 20 numbers with two digits each 
contammg no figures other than 0, 1, 2, 3, 4 


Illustrative Exampt.e 2. How many permutations can be made with 
the letters of the word Tennessee? 

Solution. If the nine letters of the word were all different, the number 
of permutations would be 9’ However, interchanging two c’s, for example, 
does not give a different permutation and as there are 4’ arrangements of 
the e'Sj 2’ arrangemcmts of the n’s and 2’ arrangements of the s’s, there are 
in all 4’ • 2’ • 2! arrangements which do not give distinguishable permuta¬ 
tions. Hence the number of distinguishable permutations is given by 


2! 21 4~» 


== 3780. 


More generally, if among the n objects of which permutations 
are to be made there are ri which arc alike and others which 
are alike but not like the ri objects in the first set, etc., the 
number of distinguishable permutations is 


Ti! r2! • 


(4) 


EXERCISE LVra 

In how many ways can a group of 11 men Ime up as a football team 
if 4 of the men can play in the Ime only, and 2 others in the backfield only ? 

* How is the result changed if 2 of the men can play in the line only, 
and 4 others in the backfield only. 
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а. How many numbers between 100 and 1,000 have at least one digit 
repeated? 

3. How many five-place numbers can be formed from the digits 2 , 4 , 6, 
8 , 0 , if the middle place is to be occupied always by 8 ? 

4 . An employment agency has four applicants with whom to fill two 
different positions. In how many ways can the positions b(‘ filled? 

б . How many permutations are there of the letters in the word Olympic 
taken seven at a time? 

6 . Four officers of an organization Are to be elected fixim a group of 16 
candidates. In how many ways can this be done? 

7 . After the host and hostess at a dinner parly are placed, how many 
arrangements are possible for eight men guests? How many arrangements 
are possible for four men and four women guests if two men may not sit in 
adjacent scats? 

8 . How many even numbers of three digits oat h may be formed from the 
digits 1, 2, 3, 4, 5, 7, and 9? 

9 . If six coins are tossed together, in ho\v many different ways can they 
fall? 

10 . In how many ways can seven persons take jilaces in a seven-passenger 
car if only three of the group can driv<*? 

11 . How’ many distinct permutations of four letters can be made from 
the letters of the w’ord (hstinctf 

12 . In how many different orders can the colors red, green, yellow, and 
black be arranged, all four colors to appear in i*ach arrangement*^ 


80. Combinations. It is required to find the number of 
combinations of n objects taken r at a lime. Consider a single 
combination of r objects. These objects can be arranged in r! 
permutations. Hence the number of combinations multiplied 
by the number of permutations in each combination gives the 
total number of permutations. Let the symbol nCr be used to 
denote the number of combinations of n things taken r at a 
time. Then we have the following relation: 

TlnCr — r» (^) 


When the value of nPr is substituted from equation (3), we have 


n 


Cr 


n! 

r!(n — r)l 


( 6 ) 


When r objects are chosen from a group of n objects, there 
remains a group of n — r objects; i.e., for every combination of r 
objects there is a combination of n — r objects. Hence, 


nCf -- rS^n — r 


(7) 


Illustrative Example 1. Compute the number of permutations and 
the number of combinations of the letters o, 6, c, d taken three at a time. 
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4! 

SoLtmoN. By formula (3) we get 4^*8 ** 24; by formula (6), 

“ sTTi " 

The tabulation which follows shows clearly how the permutations fall into 
groups of 31 « 6, each group corresponding to one and only one combination. 


Combina¬ 

tions 

Permutations 

abc 

abc^ acbj bac^ bca^ caby cba. 

abd 

abdy adby badj 6do, daby dba. 

acd 

aedy adCy cad, eda, dac, dca. 

bed 

bedy bdCy cbdy cdby dbcy deb. 


Illustrative Example 2. How many different straight lines are deter¬ 
mined by eight points in a plane, if no three points are in a line? 

Solution. Two points may be chosen in 8 • 7 — 56 ways. But since 
the choice of A and B in this order gives the same line as the choice of B 
followed by Aj the number of lines is = 28. 


The binomial coefficients may he expressed by use of the symbol 
nCr- A comparison of the binomial coefficients, 

n(n — 1) n{n — l)(n — 2) 
n, 1 . 2 “ ’ ■ ■ ■ ’ 

n{n - 1) ■ ■ ■ {n — k + \) 

1 • 2 ■ • • fc ’ ■ ■ ■ 


with the value of nCr given in equation (6), shows that the 
coefficients in (8) are, respectively, 


iffzj 


nC 


Ar, . . . 


Hence the binomial expansion may be written in the following 
form: 


(a + hY = + nCia^-^b + + • • • (9) 


There is a second 
binomial coefficients. 


symbol which is frequently used for the 



and stands for the fraction whose 


denominator is A;! and whose numerator is n(n — 1) • • • 
(fc factors). The binomial expansion, when these sjrmbols are 
used, has the following form: 


(a 


-f 6)« = a« + 


(?)«■"»+ 



-•b» + 



-» 6 » + 


( 10 ) 
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EXERCISE LIX 

1 . How many different groups of 6 people each can be selected from 13 
people? 

2 . How many different sums of money, consisting of three (joins each, 
can be formed from a penny, a nickel, a dime, a quarter, and a half dollar? 

8 . How many different hands of 13 cards each can be made from a deck 
of 62 cards? Leave the result in factored form. 

4 . From a group of eight different things, in how many different ways 
can we choose groups of not more than four things? 

5. How many triangles can be formed whose vcrt/iccs lie at thr(‘e of 
seven given points in a plane? Assume that no three of the seven jK)ints 
he on a line. 

6 . There are four roads from A to B and five roads from B to C. In 
how many ways can a person make the round trip from A to C and back 
again, passing through B each trip? 

7 . In how many ways can we select three golf balls and three tennis balls 
from five golf balls and five tennis balls? 

8 . Two dice are tossed together. In how many ways can they fall? 

9 . Three dice are tossed together. In how many ways can they fall? 

10 . In how many ways can eight books be arranged on a shelf if two of 

the books must be placed together in a given order? 
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PARTIAL FRACTIONS 


When two or several fractions with unlike denominators are 
added, the result in its lowest terms is in general a fraction with 
a denominator which is the lowest common denominator of the 
denominators of the fractions whose sum it is. For example, 

A B 

if A and B are numbers, the sum of-and - t has the 

^ X -- a X — 0 

form 


_^ + p 

{x — a)\x — h) 


The sum of the fractions > 
as the sum of the fractions 


B 


and 


\x — X — a X 
A , C 


as well 


{x - a)2 

DxJ + Ex + F 
\x — ay^{x — h) 


and 


has the form 


In this chapter the inverse problem will be studied, viz.^ to 
resolve or decompose into the sum of two or more simple frac¬ 
tions a fraction, i.e,, a rational function of one variable, whose 
denominator is the product of two or more real factors of types 
to be discussed in the next section. 


81. Preliminary notions. If the real number a is a zero of a 
real poljmomial,* a? — a is a factor of the polynomial. 

If the complex number a + hi is a zero of a real polynomial, 
the corresponding linear factor is not a real factor. In this 
chapter we wish to work only with real polynomials; hence we 
shall factor our polynomial denominators only as far as it is 
possible to factor them into the product of real polynomials. 

A real polynomial which has a + hi as a zero has also a — hi 
as a zero. These two numbers are the roots of the real quadratic 
equation x^ — 2ax + a* -f 6® = 0. Hence a polynomial with 

♦ A real polynomial is a polynomial whose coefficients are real numbers. 

160 
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a pair of conjugate complex zeros has, as a factor, a real quadratic, 
called an irreducible quadratic.* 


A fraction is called a simple fraction if it has one of the follow¬ 
ing forms: 


(a) 


A 


- j 

X — r 


ib ) 

id ) 


_4_, (^\ _ ^ 

(a- ^ w ^^2 ^ hx + c 

Ax + B 
{ax'^ + hx + 


where all of the constants are real, k is a positive integer, and 
ax^ + + r is an irreducible quadratic. 

A fraction is called a proper fraction if the degree of the numer¬ 
ator is less than the degree of the denominator. Tlie four tyjx^s 
of simple fractions are proper. 

When the degree of the denominator is not greater than that 
of the numerator of a rational fraction, the numerator can be 
divided by the denominator, obtaining a polynomial quotient 
and a remainder whose degree is less than th(‘ degree of the 
divisor; z.c., an improper fraction (in its lowest terms) is the sum 
of a polynomial and a proper fraction. 


(b) 2 , 


Examples. 

, , 3x2 -h 7 19 

(«) + 6 + - 

fix) 

More generally, let be an improper fraction. Then we 


2j 2 -f 1 2 “ (2 j* -f 1)* 


may write 


/(f) ^ 1 

^(o:) ^ gixY 


( 1 ) 


where each of the functional symbols in equation (Ij represents 
a real polynomial and where the degree of r{x) is less than that 
of gix). 

Equation (1) is called an identical equation; the two members 
are equal for all values of x for which they are defined, i.e.j for 
all values of x except the zeros of g(x). 

An equation which is not an identical equation is called a 
conditional equation; the two members are equal for a finite 
number of values of x. 


* A reducible quadratic can be written as the product of two real linear 
factors; e.g.j x* — 9 is reducible, x* + 9 and x* -b x -f 4 are irreducible, 
(C/. the last sentence in Sec. 11.) 
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Emmplen, The equation a.* — 5a; -“14 ** (a? — 7) (x -f- 2) is an identical 
equation, as is - • - *» a; -h The first identity holds for all values of x\ 

X X 

the second for all values of x except a; = 0, for which value neither member 
of the equation is defined. The equation ” • • — 5a; 4* - is a conditional 

equation. The members are not defined for a; *= 0, they are equal only for 
X ^ yi and a; « — 3^. 

Let the two members of equation (1) be multiplied by g{x). 
The result is 

f{x) = P{x)g{x) + r{x)y (2) 

an identity which holds for all values of x. Since in equation (2) 
the left member is a polynomial, when the multiplication indi¬ 
cated on the right is carried out and the product is added to 
r(x), the resulting expression must be the same polynomial as 
the one on the left, i,e,y corresponding powers of x have equal 
coefficients. 

Let us see how the preceding definitions and remarks can be 
applied to the decomposition of proper fractions into simple 
partial fractions. 

82. Decomposition. Only fractions whose denominators can 
be factored into a product of factors which are linear factors 
or irreducible quadratic factors with rational coefficients or which 
are a combination of the two will be considered. Some examples 
will show the method of obtaining the partial fractions. 

2a; — 1 

iLLtrSTRATivB EXAMPLE 1. Resolvc iiito its partial fractions —5—1-s* 

^ a;* -f X — 6 

Solution. We write H- —h, where A and B are 

X* 4- X — 6 X 4- d X — 2’ 

number symbols whose values are to be determined. L(4 both members be 
multiplied by (x 4- 3)(x — 2); the result is the identical equation 

2x - 1 « A{x - 2) + B{x -f 3). (3) 

When a number is substituted for x, equation (3) gives a relation connect¬ 
ing A and B, Two such relations are sufficient to determine the values of 
these symbols. The values of x which have been used in order to determine 
the following relations are set off at the side and are kept there as a record of 
what has been done. 

X « 2: 3 « 6B, B ^ 

X « -3: -7 = -5A, A ^ 

Thus the desired decomposition is 
2x - 1 


7 


3 
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It is unportant and quite simple to check the above computa¬ 
tion. The student can have confidence in the correctness of his 
results if, when he substitutes in equation (4) a value of x not 
used in determining A and By he gets the same value for both 
members of the equation. For x = 0 the left member of (4) is 
%y for X = 0 the right member is Ks ~ Ko = 

IixusTRATiVB FxAMPLE 2. Resolvc into its partial fractions 

- 14:c* -f 18a; - 9 
{x - 2)^(x ~ D* 

Solution. 

4x^ ~ 14x^ -f 18x ~ 9 A B j C , D 

(* - 2)‘(x - 1)» ~ (x - 2)‘ (x - 1)» x~^i 

4x‘ — 14x* + ]8x — 9 = A(x — 1)* + }S(x - 2)(x - 1)* + C(x - 2)* + 
D(x - l)(x - 2)». 

X = 1: - 1 = C; 

X = 2: 3 = yl; 

1 = 0: -9 = A-21i + 4C- iD, -2B - il) - -8; 

X = -1: -45 = 4A - 12B + 9C - 180, -2B - 30 - -8. 

From the last two equations we get D - 0 and B = 4. Hence, the nisult 
of the decomposition is as follows: 

4x» - 14a;* -f 18a; - 9 _ 3 4 1 

(x - 2)\x - 1)« (x - 2)‘ X - 2 (X - !)«■ 

Check. For ar — 2 we get 2J^=3-|-4 — The cheek is satisfactory. 

Illustrative Example 3. Decompose into its partial fractions 

5x^ + - 3 x 4- 1 

x(x*+'l)2 

Solution. We write 

5x* -+■ 7x* — 3x "h 1 _ j4 , Bx “h f , Dx 4- E 
^(J2“qriy2 ^ X* 4- r' 

5x< 4- 7x* - 3x 4- 1 = Aix^ 4- 1)* 4- + C)x 4- {Ox 4* E)x(x* 4- 1). 

X - 0: 1 = ^ A « 1; 

Coefficients of x*: 6 == ^4 4- A D = 4; 

Coefficients of x*: 0 = B ^ 0; 

Coefficients of x: —3 = C -i- By .*• C — —3; 

x =s= 1: 10 = 4.4 4" 4“ C 4" 2D 4“ 2 jB. 

Substituting the values already obtained, we get 

B - 1. 

Hence, we have 

5x< + 7x* - 3x 4- 1 _ 1 _i_ X - 3 ^ ix 
-x(x» 4- 1)* “ X (X* 4- D* X* 4-1 
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Check* Fora; =« — 1 the left member becomes « —4; the right mem¬ 
ber becomes — 1 —^ — ^ = — 4 

Illustrative Example 4 Decompose into simple partial fractions 

2a; 5 

(X + 3)*^ 

Solution It is not necessary to use undetermined coefficients when 
there are fewer than two distinct factors in the denominator. We wnte 
2 a; - 6 _ 2 a; + 6 - 11 _ 2 a; -f 6 11 _ 2 11 

(a;+3)*“ (a; 4-3)* “ (a; + 3)^ + 3)4 3 )a (x + SV 

Illustrative Example 5. Decompose into simple partial fractions 
5x» + 7x^ - 6 a; - 10 
(x^ -2x A- 4)2 

Solution We write 

5x» 4- 7a;* - 6a- - 10 - lOa-* 4- 20x + ITa:* - 34a- 4- 68 4- 8a; - 78 

(x* - 2 x 4 - 4)2 (x* - 2 x + 4)2 

5r_4- 17 8 x -~_78_ 

' x* - 2x 4- 4 (x* - 2x 4- 4)2 


EXERCISE LX 


1 . Use the method of undcterinmi d roefficients to find the simple partial 
fractions whose sums are c*qual to the following proper fractions 


(a) 

( 0 ) 

(e) 

(9) 

M 


_ 2 x 2 4 . iQj. ^ 7 (^ 

(x 4“ l)(x - 2 )(x - 5)’ 

3x -- 49 

>“-49^ 

x* — 6x2 4- ^ 4 , 2^ 
x2(3x2 - x - lT^‘ 

12 

(x 4- 10)(x - 6)^ 

X* 4- 6x — 4 

cr^{x + 7y 


,,, 2x^ 4-2x2 - llx 4- 15 
-x»(““3)-' 

... 7x2 4_ 15^.2 ^ IS 

(x + 2)2(x4-l)^ ' 

. 4x^ + 21x» - 42x2 ~ x - 185 
(x 4- l)^(a;2 4- 5)* 

... 2x2 4" 3x 

^ ^ (4JT9)(a;^~ 3)^ 

. . 7x^ 4- 32x2 4 - 30 
(x* 4 - l)2(3x2 4 - 4) 


2 . Resolve the following into simple partial fractions without using 
undetermined coefficients 


(«) 

(c) 


3x® - 14x* 4- 2r2 - 12 x 2 
(x - bV 

4x» 4- 11a;* 4- Hx* 4- 35. 
( 2 x* 4- a: 4- 4)8 


(5) 

id) 


5a* 4- 7x2 4 . 15 a; 4 . 20 

ix + 2)8 

4c* — 6 x* 4- 5x2 3 ^ q- 4 

( 3 x 2 - 4^ ^ 2)2 


3 . Solve problem 2 ( 6 ) by the method of undetermined coefficients 



CHAPTER XVI 
PROBABILITY 


At times it is important as well as interesting to be able to 
compute the probability that an event will happien. A life 
insurance company requires a larger annual premium on a straight 
hfe policy from a man who takes out his policy at the age of 
thirty-five years than it requires of a man who begins his annual 
payments at the age of twenty-five years. For a given age, the 
receipts of the company from a sufficiently large numbc^r of 
insured persons must be adequate for the insurance payments 
needed. 

In order to make an equitable determination of premiums, 
actuaries have constructed mortality tables which show the 
exp)ectancy of life for a given group of people. In this chapter 
will be given the mathematical theory on which such computa¬ 
tions are based. 

83. Probability. An act which gives an event an opportunity 
to happen or to fail to happen is called a trial. When a coin is 
tossed there is no reason to assume that one side will turn up 
rather than the other. We say that the two events, viz.^ that 
the coin will land with the head up and that the coin will land 
with the tail up, are equally likely and are also mutually exclusive, 
since the happening of either event makes it impossible for the 
other to happen. 

The probability p that the coin lands with head up is said to 
be }/2 and the probability that it lands with the tail up is also 

Definition. If there are r cases of which h are favorable to a 
certain event and the remaining r — h cases are unfavorable to itf 
the 'probability that the event mil happen isj by definition^ 

= p (1) 

and the probability that the event will fail is 

/ r — /i 

i>' -- 

166 


r 
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The above definition is to be applied only when the success and 
the failure of an event are equally likely. In applying it, it is 
important that no cases be overlooked. 

Illustrative Example 1. Let two coins be tossed together. Compute 
the probability that both will land with head up. 

Solution. There are four possibilities or cases. 

1. The first coin lands head and the second coin lands tail. 

2. The first coin lands tail and the second coin lands head. 

3. Both coins land head. 

4. Both coins land tail. 

Hence the probability for both heads or for both tails is while the 
probability for one head and one tail is K* 

Illustrative Example 2. From a box containing nine white balls and 
six black balls, five balls are to be drawn at random. What is the probabihty 
that there will be three white balls and two black balls? 

Solution. The total number of cases is the number of combinations of 
16 balls taken 5 at a time; i.e., r = iii\ = 3,003. The number of cases 
favorable to 3 white balls is =*= 84; the number of cases favorable to 2 
black balls is 6C2 = 16. Since 3 white balls can be chosen in 84 ways and 
2 black balls in 15 ways, the total number of ways in which the two events 
can happen simultaneously (or in succession) is 84 * 16 = 1,260. Hence 

^ 3,003 143' 

Illustrative Example 3, If five coins are tossed, what is the probability 
that they will land three heads and two tails? 

Solution. There are two choices for the way in which the first coin 
lands, two choices for the way in which the second com lands, and so on for 
each of the five coins. Hence the number of castes is r = 2* = 32 

The number of favorable cases, since the order of arrangement is imma¬ 
terial, is equal to the number of ways of arranging five coins with three 
heads up; i.e., sCa = 10 = 5^2. Hence the probability required is ^?3 2* 

Note* The sum of the probabilities that an event will happen and that 

it will fail is unity since p -f p' — ~ = 1. 

When an event is sure to fail, we have p ~ 0, since the total 
number of favorable cases is zero; also, p' == 1. Similarly, if 
the event is sure to happen, there are no unfavorable cases and 
p =B 1, p' =» 0. In all other situations the probability p is a 
positive proper fraction. 


EXERCISE LXI 

1. What is the probability of tossing four heads at one throw with seven 
coins? Of tossing three heads? 

2. What is the probability of tossmg k heads at one throw with n coins? 

Ana. nCk/2*. 
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3« An ordinary die has six faces numbered 1, 2, 3, 4, 6, 6, respectively; 

(a) What is the probability of throwing three with a die? 

(h) What is the probability of throwing two fives with two dice? 

(c) What is the probability of throwing a five, a two, and an ace with 
three dice? 

(d) What is the probability of throwing a five with one die and at the 
same time an ace or a two with the other? 

4. Find the probability of drawing* a yellow ball from a bag containing 
six white balls, five black balls, and three yellow balls. 

6 . If 3 balls are to be drawn from a bag containing 10 balls, what is the 
probability that a certain ball will be drawn ? 

6. From a pack of 52 cards one card is drawn. What is the probability 
that it will be a deuce? A deuce or an ace? 

7. If the odds are 6:2 in favor of winning $35, find the player's expectation. 

Definition. If p is the probability that a person will receive 
a sum of k dollars, his mathematical expectation is said to be pk. 

8 . If the probability of losing a game is what is the probability of 
winning? 

9. From a group of seven men and eight women a committee of four is 
selected by lot. Find the probability that it will consist of two men and 
two womenj of three men and one womanj of four men. 


84. Total probability. Compound probability. We denote 
the probability that an event will occur in a single trial by p. 
For n trials the expected number of occurrences of the event is np. 
When there are several events which may occur in a single trial, 
the expected occurrences of each of them in n trials are denote 
by npi, npr, etc., where p„ P 2 , etc., are the respective probabihties 

for a single trial. . ., 

Definition. The total probabiUty P for an occurrence^ the 
ratio of the expected number of occurrences to the number of 


The total probabiUty for an occurrence will depend on whether 
the several events of this occurrence are mutually exclusive, 
dependent, or independent. These terms wiU be discussed in the 

next paragraphs. , . 

It S sometimes convenient to think of an event as bemg com¬ 
posed of several simpler events. For example, if we are toeing 
two coins, we may pmfer to think of wha happens (hea^ or 
tails) when each of the coins is tossed separately and speak of the 
result of tossing two coins together as a compound event. 

• AU drawings referred to in this chapter are supposed to be random 


drawings. 
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Again, if three balls are to be drawn from a bag, they may be 
drawn simultaneously or one at a time. If drawn one at a time, 
it is important to know whether or not the first ball is replaced 
before the second is drawn, etc. The act of drawing three balls 
simultaneously may be compounded of three separate drawings 
of one ball each, provided the first and second balls drawn are 
not replaced in the bag. For such a situation as this we state 
and prove the following theorem which will be illustrated by 
examples. 

Theorem of compound probability for dependent events. If 

the probability of a first event is pi, and ify after this has happened, 
the probability of a second event is p 2 , then the probability that both 
events will happen in the order stated is 

P = PtP^. 

Proof. The cases may be denoted as follows; 

hi cases favorable to both the first and second events, 

hi cases favorable to the first but not necessarily to the second event, 

hi cases unfavorable to the first event. 

This means that of the hi cases there are hi in which both occur. Then, 
by definition, 

__ h±_ 

P' “ A.’ 

P ~ 

hi + ki 

But the value of P is equal to the product of the two probabilities pi and pi, 
since 

hi hi h i j 

piPi = 7 —• iT — T~ r~r == * • 7 

hi + ki hi hi 4" ki 

Illustrative Example 1. Three balls are to be drawn from a bag 
containing eight white balls and four black balls. What is the probability 
that the first two drawn will be white and the last one black? 

Solution. The probability that the first ball drawn will be white is 
H 2 “ ® white ball has actually been drawn, the probability that the 

second drawing will bring a white ball is f 1 Likewise, the probability that 
the third drawing will bring a black ball is fio = H. These events are 
said to be dependent, since the result of each drawing depends on the 
drawings which have preceded it. The (total) probability that the drawing 
shall bring two white balls and one black ball in the order specified is, by the 
theorem, the product of the separate probabilities; viz., 

P ^^165. 

The extension of the above theorem to three or more events is 
obvious. 
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If the separate events into which a compound event may be 
decomposed are not dependent, as in the last example, the (total) 
probability is again the product of the several probabilities as is 
stated in the next theorem. However, in applying this theorem, 
the probabilities pi and p 2 do not depend on the order of the 
separate events. 

Theorem of compound probability for independent events. 

If Pi dnd p 2 are the probabilities of two independent events, the 
probability that both of these events will happen together at a given 
trial is 

P = PiPiy 

the product of the separate probabilities. 


Proof. Assume hi cases favorable to one event and ki cases unfavorable 
Then 

hi -f ki' 


If now there are hz cases favorable to the other event and kz cases which 
are unfavorable, we have 


h>2 


By hypothesis, the two events are independent, hcn(‘e the total number 
of cases to be considered is 


r = {hi +ki){hz-\-kz) 

In these r cases the two events will happen togetluT in /;i/u tunes. Thus 
h\hz hi hz 


P = 




r hi ki hi ki 
where P is the probability that both events may happen together 


q.e d. 


The reasoning may be extended to any number m of inde¬ 
pendent events. 

Theorem of probability for mutually exclusive events. The 

probability that one or another of a set of mutually exclusive events 
will happen is the sum of the probabilities of happening for the 
separate events. 


Proof. We consider only two events and suppose that any trial can result 
in r cases, of which hi are favorable to the first event and hz are favorable to 
the second event. Let pi be the probability that the first event will happen 
and pz be the probability for the second event. Then pi = hi/r and 
p% - h%/r. 

Since the two events are mutually exclusive, no one of the hi cases favor- 
able to the first event is also favorable to the second. Thus 


- is the 
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niimb«r which gives the probability that one or the other af the two events 
will happen. But — ^ « the sum of pi and p%, q.e.d. 

T T T 

EXERCISE LXn 

1 * In a game in which only one man can win, the probability that Smith 
will win is and that Jones will wm is What is the probability that 
either Smith or Jones will win? What is the probability that neither Smith 
nor Jones will win? 

8 . The probability that Smith will win in a certain game is and that 
Jones will win in another independent game is What is the probability 
that they will both win? 

8 . If the probability is 3^ that the height of a woman selected at random 
from a group of women is between 5 feet 2 inches and 6 feet 4 inches and 

that it is between 5 feet 4 inches and 6 feet 5 inches, what is the probability 
that her height is between 5 feet 2 inches and 5 feet 5 inches? 

4 . Find the probability of drawing two black balls in succession from a 
bag containing eight black balls and six white balls if the first ball drawn is 
replaced before the second ball is drawn? 

6 . Find the probability of drawing two black balls in succession from a 
bag containing eight black balls and six white balls if the first ball drawn is 
not replaced before the second drawing. 

6 . What is the probability that at a given bridge game the next dealer 
will give 13 cards of the same suit to himself? To one of his opponents? 

86* Application to life insurance. When we say that the 
probability is 7:8 that a forty-year-old man will live to the age 
of fifty years, we mean that for a certain number of observed 
cases one-eighth of the men alive at forty died before the expira¬ 
tion of 10 years. This does not mean that if a group of eight 
forty-year-old men be arbitrarily chosen, one and only one would 
not live to the age of fifty. The importance of the computed 
probability depends on the number of cases which have been 
observed. 

Mortality tables which are used by insurance companies for 
the determination of equitable life insurance premiums are based 
on a very large number of observed cases. The following items 
are taken from a mortality table which, starting with 100,000 
people living at the age of ten years, gives the numbers living 
at various ages up to ninety-five years. 
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Age 

Number living 

85 

81,822 

36 

81,090 

37 

80,363 

38 

79,611 

39 

78,862 

40 

78,106 


Age 

Number living 

50 

69,804 

60 

67,917 

70 

38,669 

80 

14,474 

90 

847 

95 

3 


From the above table it is evident that at the age of ten years 
the probabihty of living 30 more years is 0.781, while at the age 
of forty the probabihty of living 30 more years is 38,569/78,106 = 
0.494. 

Again, the probability that a person living at the age of sixty 
will not be living at seventy is 19,348/57,917 = 0.334. 

EXERCISE LXIII 

1. What IS the probability that a man who takes out a 20-year endowment 
policy at the age of forty will live until the policy matures? 

2. At the age of thirty-five A begins paying annual premiums on an 
annuity policy which is to mature at sixty-five What is the probability 
that he will live to receive 120 monthly payments? 

8. What is the probability that a man who is celebrating his ninetieth 
birthday will live to the age of ninety-five? 

SUMMARY 

New terms. 

Trial, equally likely, mutually exclusive, compound event, 
mathematical expectancy 

Probabihty. 

General definition. 

Theorems. 

When events are mutually exclusive. 

When events are independent. 

When events are dependent. 






SUPPLEMENTAEY EXERCISES 

In the following set of exercises the numbers correspond to the 
exercise numbers in the text. 


EXERCISE I 


1. Perform the operations indieatcd, expressing the result in each ease as a 
complex number in Cartesian form. 


(o) (2 + i) + (4 - Si); 

(c) (8 - *) + (3 - 4f); 

(e) (1 + i) - (5 + 2i); 

(g) (2 + i)(4 - 3£); 

(i) (3 - i)(2 + 3t); 


(*) 

(m) 


4 + 2i. 
3 - t’ 
7 + 2t. 
3 - 4i’ 


(b) (7 - 20 - (-3+20; 
id) (4 +30 + (-4 +0: 
(j) (2 - 60 - (-2 - 50: 
(A) (5 + 0(5 - 0; 

0) (2 + 3t)(3 - 2t); 

3 - 3t. 

5 — 2i* 

4 -h 32 


(0 


(n) 


32 ’ 


(o) vis — Si; (p) V4 — 32. 

2 . Construct line segments whose lengths ar(‘, respectively, VR, 

and \/30. 


EXERCISE II 

1. Plot the points in the Argand plane which are associated with the 
following complex numbers: 

-1 4-1\/3; 4 4- 42; 2 4- 2i; 1 - Si; -Tn; Ti; 4 - i. 

2. Find the moduli of the numbers in Problem 1. 

3. Find the sines and cosines of the amplitudes of the numbers in Problem 

1 . 

4. Plot the points which are associated with the conjugates of the numlx^rs 
in Problem 1. 

6 . Express in trigonometric form: 

3-3iV3; 4-4£; 5i; i - i; -1+i; -10; 2-\/3 - 2£. 

6* Write in Cartesian form the following complex numbers: 

(a) 4(co8 300^ -f 2 sin SOO^*); (h) 3(co8 120^ 4- i sin 120°); 

(c) 2(co8 270° 4- i sin 270°); (d) 2(cos 270° - i sin 270°); 

(e) 6 (cos 45° i sin 45°); (/) 4 (cos 315° 4-1 sin 315°). 

7. Plot the points associated with the complex numbers in Problem 6. 
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EXERCISE m 

1 . Add, as indicated, geometrically and arithmeticaUy: 

(a) (3 + 4t) + (-4 8i); 

(b) (5-20 4-(5+20; 

(c) 3(co8 120® + i sin 120®) + (cos 60® + i sin 60®); 

(d) (2 + 70 + (60. 

2 . Subtract, as indicated, geometrically and arithmetically: 

(a) (8 + 130 - (2 + 80; 

(ft) (^3 ^ i) ^ (4 i); 

(c) 2(cos 240® + t sin 240®) - 4(co8 120® + i sin 120®). 


EXERCISE IV 

1 . Construct geometrically the pomts associated with the products 
indicated: 


(a) (1 -0(20; (b) (1 -0(~20; 

(c) (3 + 4t)(3 - 40; (d) (4 - 0(-“4 + 0- 


2 . Write the products in Problem 1 in Cartesian form and in trigonometric 
form. 

8. Construct geometrically the points associated with the quotients 
indicated: 


(a) 


3 - 2t. 
2 % ' 


(c) 


-3 - 40 
4 - 3z * 


(b) 


-4 - 2i 

-2t ^ 


(d) 


2 + t 

2T"t' 


4 . Express the quotients in Problem 3 in trigonometric and in Cartesian 
form. 


EXERCISE V 

1 . Find the roots of the following binomial equations: 

(o) a:* - 5 = 0; (6) + 5 « 0; 

(c) - 64 = 0; (d) + 64 - 0; 

(e) x» « 15 - 8t; (/) x* - 4 - 3t. 

2 . Plot the points associated with the solutions in Problem 1. 


EXERCISE VI 

1 . Find an equation whose roots are 2 + 3t and 2 — 3i. 

2 . Write equations whose roots are the following: 

(a) 1, 2, -3; (6) 4, 2, -6; 

(c) -3,0, 0,3; (d) 1,3, -1, -3; 

(«) 2 + 2i, 2 - 2i, 4; (f) (4 - t), (4 + i), 0, -1. 

8. Use equations (7) to find the equations whose roots have the properties 
indicated: 

(o) The sum of the three roots of a cubic equation is —2 and the roots 
are in arithmetic progression with a common difference of 2. 
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(6) The sum of the four roots of a quartic e<]uatioii ie —10, the product 
is lf024, and the roots are in geometric progression with ratio e<]ual to —2. 

(c) One of the roots of a* - 3®* + ox + 24 - 0 is 2; find the value of o. 

EXERCISE Vn 

Find the integral roots, if any, of the following equations: 

(o) *< + 2x» - 4x« - 23 j: - 30 - 0; 

(6) 2x‘ - 9x‘ + I* + 36* - 36 - 0; 

(c) *> - 7x» + 3* + 16 - 0; 

(d) 2*» + 5** - 4* - 3 = 0. 

EXERCISE Vm 

1. Multiply the roots of each of the following equations by the number 
at its nght: 

(а) ** + 2x> - 4*« - 23r - 30 = 0 -2. 

(б) 2i* - 9*» + ** + 36* - 36 = 0 2. 

(c) 2*> + 6** - 4* - 3 = 0 -4. 

(d) *‘ + 7*-6=0 -1. 

2. By what numbers may the roots of the following equations be multi¬ 
plied m order that the resulting equation may have its leading coefficient 
unity and the remaimng coefficients integers? Write the transformed 
equations. 

(a) 4** 4*» -I- 6* - 3 = 0, (6) 16x* - 8x 1 = 0, 

(c) 3i‘ - 4x‘ + 2x + 5 = 0, id) 6x* -b lOx -t- 3 - 0. 

S. Find all of the rational roots of the following equations: 

(o) 6x» - 13x» -t- X + 2 - 0, 

(6) 4x* - 15x* -b 6x = 0, 

(c) 25** + 28i* - 151x‘ - X + 6 = 0; 
id) 3** - i’ - x‘ - lOi -b 8 = 0, 

(e) 3x< - 7x» -b 3i - 7 = 0 

EXERCISE IX 

From the following equations obtain new equations whose roots are the 
roots of the given equation diminished in each case by the number m the 
parentheses. 

(a) 2x* + *’ -b 6* — 8 = 0 (1) 

(5) 3x* - 7*' - 2x -b 4=0 (2) 

(c) 6** — 2*’ — 3* -b 1=0 (01) 

(d) 8** -b 6x* - 6i* - 10 = 0 (-1). 

EXERCISE X 

Locate the irrational roots of the followmg equations: 

(a) 2** 4- 4x* — 3* -b 4 =0, (6) *’ + x* + 2x — 6 = 0; 

(c) fix* -b 2x* + X* - 3x - 8 = 0; (d) 4x* - x* - 3x - 3 - 0; 

(«) fix* + 8 - 0; (f) 2x» - 7 - 0. 
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EXERCISE XI 

Find the rational roots, locate the irrational roots, and, when possible, 
determine the number of complex roots of the following equations: 


(o) 

Ox* 4- 19x» + 18x« + 17x + 20 = 0; 

(6) 

2 x* - 

- 9x» -f 16x - 72 = 0; 

(c) 

x® - 

3x* + 16x ~ 26 « 0; 

id) 

x» - 

2x^ - 2x + 4 = 0; 

(e) 

x» - 

5a;* -f 6 « 0; 

if) 

4x3 . 

- 8x* -f 5x — 1 — 0. 


EXERCISE XII 

1. Find all of the real roots of 

(а) - 2x» -4- - 16a; + 14 * 0; 

(б) a;* -f 3a; - 20 « 0; 

(r) a4 — 4a; -• 2 = 0; 

(d) 3a4 + lOa-* - 9a;* - 40x - 13 == 0; 

(e) ^ + 8x* + 9x* - 8x ~ 10 = 0. 

2 . A sphere of yelJow pine 1 foot in diameter floating in water sinks to a 
depth X given by 

2x3 _ 3jr.2 + 0.6572 = 0. 

Find the depth to four significant figures. 

3. A sphere of ice 1 foot in diameter floating m water sinks to a depth 
X given by the equation 

2x3 - 3x* + 0.93 = 0. 

Find the depth to two significant figures. 

4. The width of the strongest beam which can be cut from a log 12 inches 
in diameter is given by the positive irrational root of the equation 

x» - 144x + 665 - 0. 

Find the width to two decimal places, 

EXERCISE Xin 

Perform the indicated additions and subtractions when possible, simplify¬ 
ing radicals. 

(o) SVM + 7-v/M6 - 5\/M; (6) + 2-^6;^; 

(c) aVixTljf + 5\/9 xT%: (rf) Vi 1,200 - 6>745, 927 ; 

(e) 3 - 2^144xV: if) 4^15 + 3 

EXERCISE XIV 

Perform the indicated operations, giving the results in simplified form and 
with no radicals in a denominator. 
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(a) 4-s/27 • ViZ; ( 6 ) 4 y^ 4 . 

v^-4v g. yg - . 

^ ^ v/2 + 4 a/3' ' ^ V24 + V^’ 

(e) (4v^ - 1)>; (/) (v^ + v/ 5)(V2 - v/5). 

EXERCISE XV 

Solve the following equations for x: 

(a) 12x + 3V3i - 7 - 0; (6) 2x + S ^ V^"5 * 0; 

' ' ‘ '' ^ ^ 00 4-7=4- \/T'+” 12- 


(c) V2x 4- 7 


EXERCISE XVI 


Find whether the following triples of equations arc consistt‘nt and, if so, 
find the common solution. 


(a) 4x — Gf/ — 52 = —1, (h) 

—X — 7/ 4- 2z = 3, 4 

3x 5y — 2 ~ 0. ti 

(r) 2 j: 4“ y - Zz = 5, 

4x + 3y — z = 8, 

4j 4- 2t/ 4- hz •= — 1. 

EXERCISE XVII 

1. Evaluate the following determinants: 


(h) 2/4- y - 3z = 5, 

4.r 4* 37/ ~ z = 8, 

2x 4- 32/ 4- 7z = 1. 


-3 

3 

5 

(6) 

7 

-2 

4 

1 

-2 

3 


-3 

0 

3 

4 

2 

-7 


4 

5 

-1 

4 

-3 

2 

1 (d) 

5 

4 

3 

1 

5 

1 


-2 

9 

8 

-3 

2 

4 


-7 

11 

-4 


2. Find the value of the following skeu^symmetnc determiniints: 
(a) I 0 a 6 I (6) I 0 —10 7 I 


0 

a 

6 

(&) 0 

-10 

7 

— a 

0 

c 

10 

0 

3 

-6 

—c 

0 

-7 

-3 

0 


0 a 
— a 0 
-6 -d 
—c —e 


EXERCISE XVm 

Classify the following systems of equations geometrically. If they are 


consistent, find the common points. 

(o) 3a; 4" 22/ + 4z = —4, 

2 a; - 62 / - 2 = 20, 

X y — z ^ 0. 


4a: - 62/ + 6z = 23, 
2a: 4“ 72/ + 3z * 40, 
9x 4" y 4 8z *» 61. 
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(c) 1 + 1 +*- 1 , 

= 1 

3 2' 

-g - y + 2 - 1- 


(d) 


f+ *' + ! 

a^b^c 

X _V ,z 
a l^'c 


b 


8, 

1, 


- 1 . 


EXERCISE XIX 


1 . Compute the areas of the triangles whose vertices are as follows: 

(0) (2, -4), (6, 3), (-2, 1); (6) (2, ~4), (6, 3), (6, -1). 

2. Write in determinantal form the equations of the lines determined by 
the points in Problem 1. 

8. Does the point (1, 1) lie on a side of either triangle in Problem 1? 

4. Which of the following triples of lines are concurrent? 


(a) 4x — 3y « 10, 

-a; + 2j/ « 4, 

2a; + y =* 18. 

(c) a; 4- 3y « 8, 

2a; - y » 6, 

6a; + 22/ « 1. 


(h) 3a; — 7y = 0 , 

2 x + y ^ -1, 

a; — 3y =* 6 . 

(d) 4a; - 63 / * 7, 

—a; -f- 23 / = 3, 

7a; - 3 / 2. 


EXERCISE XX 


X 

1. Draw the graplis of 3/ « sec 2a; and y = sec 2* 

2. Solve the equation esc 2a; — —2. 

8 . Find the remaining functions of x if sec 2a; = 

4. Und positive angles not greater than 360° whose secants are respec¬ 
tively equal to the following: 

sec 800°, sec 447°, sec ( — 100°), esc 77°, cse (—77°), esc 430°. 


EXERCISES XXI AKD XXn 


1. Find the derivatives of the following functions: 


(o) y « sin 2a; 4- a;*; 

(c) y « CSC a;* — sin a;*; 
(e) y « cos 3a; esc 2a;; 

(p) y tan 6a; sin 5x; 


(b) 3/ * sec 2a; — 3a;*; 

(d) y « arc sec \/x) 
(f) y ss arc esc 4a;*; 
(h) y s= cos* xK 


2 . Reduce each of the following to a rational expression involving only 
sines and cosines: 


/ \ X 4 4 1 /i.\ tan X 4~ cot x 

(a) tan* x cse® a; — 1; (b) - - -; 

' ' ' sec a; ' 

(c) (1 4“ sin A)(sec A — tan A); (d) 2 vers A — vers* A; 

(e) sec* X 4- tan* x — 6; (/) cot x — sec x esc x. 


EXERCISE XXm 

1 . Prove the following trigonometric identities: 
, . cot X cos X cot X — cos X 

(flp) --^~-. 

cot a 4- cos X 


cot X cos X 


(h'\ sec X 4" CSC X ^ 1 4“ cot x . 
^ ^ sec X — CSC X 1 — cot x' 
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(c) cos* * + rin* * sin* » + sin* a cos* » - 1; 

(d) (oosAcosS +sinAsinB8inC)* + (8in4cosB -cosAsinBcosC)* 

“ 1 ~ sin* B sin* C. 

SL Solve the following trigonometric equations: 

(а) tan ^ » 2 sin 6 ; (f>) 3 tan* a - 4 sin* ^ « 1; 

(c) sin a; - cos X =* (d) sin 0 + cos 0 « 1; 

(e) tan ^ + cot 0 ^2; (/) 2 sin* x « 3 cos x. 

EXERCISE XXIV 

The sides of a triangle are a « 40, 6 * 32, c « 60. 

(o) Find the radius of the inscribed circle. 

(б) Find the radius of the circuAiscnbed circle. 

(c) Find tan >^A. 

(d) Find the distance from B along BA to the inscribed circle. 

(e) Find the area. 


EXERCISE XXV 

Given A(2, -1), B{3, 0), C(~2, 5): 

(а) Find the lengths of the line segments AB and AC. 

(б) Find the midpoints of the line segments AB and BC. 

(c) Find the points on AB and AC for which r « 

(d) Is the triangle ABC a right triangle? 

(e) What is the ratio of BP to BC if P is the point (2, 1)? 

(f) Find the equation of the median on the side AB of the triangle ABC; 
of the altitude on AB. 

(g) Write the equation of the line through B which is parallel to AC. 
Put this equation into normal form. 


EXERCISES XXVI AND XXVD 


1* Make an accurate construction of the ellipses whose equations are: 




1 ; 


^^^81 ■^25 


2. Write the coordinates of the foci of the ellipses in the last pniblem. 

3. Write the equations and construct the graphs of the two elhpses for 
which 0 = 6 and 6 =* 4. Locate their foci. 


EXERCISES XXIX AND XXX 

!• Write the equation of the line which is tangent to the circle x* + * 26 

at the point (—3, 4). 

2. Write the equation of the line which is tangent to the ellipse 

^ *= 1 at the point P(-3, 4). 

3. Compute the length of the focal radii to P. 

4* Find the equations of the two lines with slope ( H 2) which are talent 
to the ellipse in Problem 2. Write the equation of the diameter which is 
conjugate to the diameter whose slope is (— H 2)* 
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EXERCISE XXXI 

1* Construct geometrically the tangent to ^ -f |^ « 0 at the point P 

whose abscissa is — % and whose ordinate is positive. Write the equation 
of the tangent which you constructed. 

2. Write the equations of the normal and the two focal radii to the point 
P in the last problem. 

3. Compute the lengths of the two focal radii. 


EXERCISE XXXII 

1 . Write the equations of the tangents to ~ * 1 at the two points 

whose abscissa is 8. 

2. There are two lines with slope 3 which are tangent to the hyperbola 
in Problem 1. Write their equations. 

8. Find the points of tangency of the lines in the last problem. 


EXERCISES XXXIII AND XXXIV 

1. Draw the graph of the hyperbola whose equation ^ ^ ~ ^ J draw 

its asymptotes and write their equations. 

2 . Write the equation of the conjugate hyperbola. 

3. Which of these hyperbolas has tangents with slope 1 ? 

4. Find the value of h for which the line 2a; — 3^/ -|- fc = 0 is tangent to 
one of the hyperbolas in Problems 1 and 2. To which of the hyperbolas is it 
tangent? 

6. Write the equation of the diameter which is conjugate to the diameter 
whose equation is 2a; — 37/ - 0. 


EXERCISE XXXV 

Verify the following statements for the hyperbola whose equation is 


1 . 


36 9 

(а) The eccentricity is H VlT- 

(б) The equation of the tangent at M(10, —4) is 5a; 4- 8y — 18 =0 

(c) The coordinates of the foci C and C' are (2\/Il, 0) and (“-2-v/IT, 0), 
respectively. 

(d) The equation of the normal at M is 8a; — Sy — 100 = 0, 

5 ± Vn 


2 -s/li 


{e) The slopes of the focal radii are 

(/) The angle between the focal radii is arc tan 
ig) No line with slope less than can be tangent to the hyperbola. 

EXERCISE XXXVI 


Write the equation of the hyperbola with center at (0, —3), transverse 
diameter « 4, conjugate diameter =» 6, and with the conjugate axis 
horizontal. 
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(a) Compute the length of a latus rectum. 

(b) Locate the foci, 

(c) Write the equation of the conjugate hyperlx»la. 

(d) Compute the length of a latus rectum of the conjugate hyperbola. 

(e) Compute the two eccentricities. 

{/) Write the equation of the tangent at the point whose ordinate is scro 
and whose abscissa is negative. 

{g) Find the area of the triangle whose sides are the j-axi*s, the i/-axi8, 
and the tangent line in (/). ‘ ’ 


EXERCISE XXXVn 

1. Find the equations of the tangents to the following parabolas at the 
points indicated. Draw the graphs. Locate the foci and write the equa¬ 
tions of the directrices. 

(a) = -3a;, (-3, -3); (6) (1, 

(c) Zy = 4x2, ^ 3.^^^ 

2. Compute the length of the latus rectum of each of the parabolas in the 
last problem. 

3. Find the coordinates of the focus of the parabola whose eciuation is 
6(x + 1) = ( 2 / — 5)2. Write the equation of the directrix. 

4. Write the equation of the directrix and the coordinates of the focus 
of the parabola whose equation is 6(2/ ~ 5) == (x -f I)*. 

6. Show that the line x — 22 /H-ll = 0 is tangent to the parabola 
0(y — 6) == (x + 1)^. Find the point of tangency. 

EXERCISE XXXVIII 

Sketch the following curves, showing foci and directrices. Write the 
coordinates of the foci and of the centers. Also write the ecjuations of the 
directrices. 

(a) x2 — ?/2 = — 4; (b) 3x^ + 6x + * 40; 

(c) 2x2 J y 2 = 4 . (,/) 5^2 - 15x - 8//2 - 30; 

(e) 3x2 -2/2=4; (/) 2x2 + Sif - 20y - 26. 

EXERCISE XXXIX 

Reduce each of the following equations to one of the type forms in equa¬ 
tions (10) on page 101. Interpret. 

(a) x2 + Ox + 2/* 

(b) x2 + Ox + - 82/ + 25 =* 0; 

(c) x* + Ox 4* 2/* ““ 82/ + 36 =* 0; 


(d) x* - 42/2 - 0; 

(e) x2 — 42/2 == 8; 

(/) x2 - 42/2 = -8; 

(g) x2 + 42/2 = 0; 

(h) X* + 42/2 - -8. 
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EXERCISE XL 

1* Use the method of Fig. 44 to construct 12 points of an ellipse whose 
eccentricity is 

2. Use the method of Fig. 45 to construct 12 points of a hyperbola whose 
eccentricity is 3. 

5. Use the method of Fig. 46 to construct 12 points of an ellipse whose 
semi-axes have the respective values a « 4, 6 == 8. 

4. Use the method of Fig. 47 to construct 12 points of a hyperbola whose 
transverse semi-diameter and conjugate semi-diameter have the values 
o » 4, 5 “ 8. 

6. Construct in two ways a tangent to the ellipse in Problem 3. 

EXERCISE XLI 

1 . When the frame of reference is translated 4 units to the left and 3 units 
up, what are the new coordinates of the points whose coordinates when 
referred to the original reference frame were as follows: 

(1, 1), (3, -5), (0, 4), (2, 6), (-1, 3), (-4, 3)? 

2. When the frame of reference is rotated through 120°, what are the new 
coordinates of the points whose coordinates when referred to the original 
frame were as follows: 


(1, 1), (2, 2), (3, 3), (~3, -3), (6, -2), (0,0)? 

8. Write the equations of rotation through an angle of —46°. 

EXERCISE XLII 

Find a favorable angle of rotation for each of the following. Construct 
the graphs. 

(a) 4a:* - 5xy -f y* « 9; 

(h) 4a;* — 5xy — y* = 9; 

(c) 4a;* — 4xy + 2 /* =» 9; 

(d) 4a;* — 4xy — 9y* ** 9; 

(e) 8a;* -f l^y + 6y* = 0. 

EXERCISE XLm 

1. Find the type of each of the following conics and determine whether 
it is degenerate or non-degenerate. 

(o) 2x* 4- Txy — 3y* -h 7a; 4- 3y « 0; 

(h) 3a;* 4" 8a;y 4“ 3y* — 5a; — 4^/ =* 0; 

(c) 3a;* 4“ 4- 4y* — 2a; 4- 3y = 0; 

(d) ar* — 6a;y « 0. 

2. Show that the following conics are non-degenerate. Sketch the graphs. 

(а) 3a:* — Axy — 2a: 4- 4y* 4- % — 6 ® 0; 

(б) 2a:» - 8a;y 4 4 6y* - 22 / 4- 8 0. 
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EXERCISES XLIV AND rr v 
Construct the graphs of the foUowiag: 

(o) r = 3; 


(c) e 

(e) r 

(?) r 


40“: 

sin 0: 


sin 


(6) r « 4 co8~; 

(rf) r 4 cos 2^; 
if) T ^ 2 am (?j 

{h) r = 2 am 

A 


EXERCISE XLVni 

1. Make the graphs of the curves whose equations follow and find the 
0&irt6Sia.n ©quation for efLcbi curv©. 


(o) X = f - 1, 
y = 2/^ + 5; 

(c) X = 

Z/ - < -f 5; 


{h) X 

y 

(d) X 


2 

1 

¥ 


“4, 

■ 4m; 


2. Obtain the Cartesian equation of tho/oh?/m of D(scarier whoso para¬ 
metric representation may be written 

3am 3a 

1 + m* ^ 1 -f- 

Ans. a;* -f i/® “ Saxy =» 0. 


EXERCISE XLIX 

1. Write the equation of the pencil of hues through the point /I (-1, 3) 
Find the line of this pencil which passes through the origin 

2. Wnte the equation of the pencil of lines through the intersection of 
3x — 2/ + 4 » 0 and 2ic + 3?/ — 1 == 0 

8. Given two circles with centers at (0, 0) and (4, --3) and respective 
radu equal to 1 and 2. 

(а) Write the equation of the pencil of circles detenninod by them 

(б) Wnte the equation of the line of centers and of the radical axis 

(c) Compute the lengths of the tangents to the given circles from (2, 6) 

(d) Wnte the equation of the circle of the pencil which passes through 

( 4 , 0 ) 


EXERCISE L 

1. Set up the disenminant of the pencil of conics determined by 

8 i: Sx^ -hSxp - 14t/* + 3x -f 202/ = 0, 

Sal 3x^ — 2x2/ -f 111/'* + 3x ~ 35|/ « 0. 

Find the three degenerate comes of the pencil. 
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S. Find tbe equation of the come which paasee through the following 
pomte; 

(1,2), (-3,3), (2,-3), (-1,0), (0,4) 

EXERCISES LI AKD LH 

1. Insert an anthmetic mean and a geometric mean between 7 and 28. 

8. The seventh term of an A P is 8 and the twelfth term is —40; find the 
common difference, the thirteenth term, and the first term 

3. The seventh term of a G P is 8 and the twelfth term is —40 Fmd 
the ratio, the thirteenth term, and the first term 

4« A wntes five letters to five different friends, asking each of them to vote 
for B for president and to write five similar letters If the letters are num¬ 
bered serially, A’s letters being numbered *‘one,the letters written 
by A's five friends being numbered **two,’^ and no letters wntten with 
numbers greater than “eight,and if 75 per cent of the persons reached 
m this way vote for B, how many votes will that be, assuming that the 
cham IS not broken until all of the letters numbered “eight“ are sent? 

EXERCISES Lin AND LIV 

1. Fmd the limit of the sum of an infinite number of terms of the followuig 
infimte series. 

, . , 10 , 10 , 

(а) 10 + ^ + , 

( б ) 6 — 3 +| — , 

(c) 1 + * + + (^ = I) 

2. Find the limitmg value of each of the followmg non-termmatmg 
decimals. 

(o) 0 714826714826 

(6) 4 2727 ; 

(c) 2 8181 

(d) 1 769230769230 

8 . Insert one harmonic mean between 3^ and 8 

4. Fmd the sixth term of the H P -3^,-1, 

EXERCISES LVI AND LVU 

1. Write the following expansions 

(o) (a - 2)*; (6) (2x + y)^; (c) (o» - h^)*; (d) (a; - y + 

2. Write the eighth term of the expansion of (4x — By)*; of (o + 46)” 

8 . Use the bmomial theorem more than once to obtam the expansion of 

(a -f 6 -f c 4- d)*. 

4. How many terms of the expansion of (32 -f 3)H « 2(1 -h H 2 )^ ^ 
necessary in order to obtain correct to four decimal places? 
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EXERCISES LVm AND LIX 

1* How many permutations can be made with the letters of the woitl 
permutations 

2. How many combinations can be made with the letters of the word 
“combinations.” 

8. How many signals can be given iMth four flags of different colors by 
flying them from four permanent flagpoles^ 

4. In how many ways may six beads of different colors be strung on a 
closed circular wire^ 

8. In how many ways can 4 red books, 6 green books, and 4 blue books be 
placed on a shelf if books of the same color stand together ^ 

EXERCISE LX 

Decompose the following fractions into simple partial fractions 


(a) 

- 17a; + 17 
(* - 2)Hx + 3)’ 

(fr) 

13t’ - lOi + If) 

(2j’ - 3r + 3)(r> + 4)’ 

(c) 

Ux» - 10 a;’ + ya' - 1 

(rf) 

T 

2x^(x ~ 1 ) 

x* - 4’ 

(«) 

3ar3 - 5r^ + 7a; -f 4 


-f 5 

{x^ + 1 )^ 

{x^ - 3)» 


EXERCISES LXI AND LXII 

1. If four cards are drawn from an ordinary pack, what is the probability 
that they are all of the same suit ^ 

2. What IS the probability that the four lards in Problem 1 are all aces? 
3* One box contains five white, four black, and three red lialls; a second 

box contains four white and six black balls From one of the boxes three 
balls are drawn Wliat is the probability that they are all black? 

4. In a group of 18 persons, 15 favor a proposition, and 3 oppose it If 
7 people are chosen at random from the group, what is the probability that 
just 2 of them oppose the proposition f 

5. Two sisters are aged respectively thirty-five and thirty-eight years 
What IS the probability that just one of them will be alive in 25 years ^ 
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Hyperbola, 81 
asymptotes, 86 
constructions, 104, 106 
diameters, 88 
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Hyfierbola) equOateral, 90 
local radii, 83 
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